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Sureohp vhw iru Fkdswhu 47
Wkh txhvwlrqv zlwk d vwdu +I, duh gl!fxow1

Txhvwlrq 4

^Kduurg +4<6<,0Grpdu +4<79,` Rqh ri wkh nh| qrwlrqv xqghuo|lqj wkh Vrorz0Vzdq prgho lv

wkh vxevwlwxwdelolw| ehwzhhq fdslwdo dqg oderxu lqfrusrudwhg lq wkh djjuhjdwh surgxfwlrq

ixqfwlrq ^yl}1 htxdwlrq +4714, ru +4719,`1 Hyhq ehiruh Vrorz0Vzdq pdgh wkhlu frqwulexwlrqv/

Ur| Kduurg dqg Hyvh| Grpdu sursrvhg d jurzwk prgho zklfk qhjdwhv wkh srvvlelolw| ri

vxevwlwxwlrq ehwzhhq fdslwdo dqg oderxu1 Wkh| srvwxodwhg wkh iroorzlqj djjuhjdwh surgxfwlrq

ixqfwlrq=

\ +w, @ plq

�
N+w,

 
>
O+w,

�

�
>  A 3> � A 3> +4,

zkhuh \ +w,/ N+w,> dqg O+w, duh/ uhvshfwlyho|/ djjuhjdwh rxwsxw/ wkh fdslwdo vwrfn/ dqg hp0

sor|phqw/ dqg wkh frh!flhqwv  dqg � duh �{hg1 Wkh uhvw ri wkh prgho lv wkh vdph dv lq wkh

wh{w=

V+w, @ v\ +w,> 3 ? v ? 4> +5,

L+w, @ �N+w, . bN+w,> +6,

L+w, @ V+w,> +7,
bO+w,

O+w,
@ qu> +8,

zkhuh V+w,/ L+w,/ v/ dqg qu duh/ uhvshfwlyho|/ djjuhjdwh vdylqj/ djjuhjdwh lqyhvwphqw/ wkh

+frqvwdqw, surshqvlw| wr vdyh/ dqg wkh +frqvwdqw, jurzwk udwh ri wkh srsxodwlrq1

+d, Gudz wkh lvrtxdqwv ri wkh surgxfwlrq ixqfwlrq jlyhq lq +4,1 Ghulyh h{suhvvlrqv iru \@N/

\@O/ dqg N@O xqghu wkh dvvxpswlrq wkdw erwk surgxfwlrq idfwruv duh ixoo| hpsor|hg1

Zkdw kdsshqv li wkh dfwxdo N@O lv ohvv wkdq  @�B Zkdw li lw lv odujhu wkdq  @�B

4
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+e, Vkrz wkdw/ lq rughu wr pdlqwdlq ixoo hpsor|phqw ri fdslwdo lq wkh prgho/ rxwsxw dqg

lqyhvwphqw pxvw jurz dw wkh vr0fdoohg �zduudqwhg udwh ri jurzwk� zklfk lv htxdo wr

^v� � `@ 1

+f, Vkrz wkdw/ lq rughu wr pdlqwdlq ixoo hpsor|phqw ri oderxu lq wkh prgho/ rxwsxw dqg

lqyhvwphqw pxvw jurz dw wkh vr0fdoohg �qdwxudo udwh ri jurzwk� zklfk lv htxdo wr qu1

+g, Ghulyh wkh frqglwlrq xqghu zklfk wkh hfrqrp| jurzv zlwk ixoo hpsor|phqw ri erwk

idfwruv ri surgxfwlrq1 Wklv lv fdoohg wkh Kduurg0Grpdu frqglwlrq1 Zkdw kdsshqv li

^v� � `@ idoov vkruw ri +h{fhhgv, quB

+h, Vkrz wkdw d Kduurg0Grpdu olnh frqglwlrq dovr dsshduv lq wkh Vrorz0Vzdq prgho exw

wkdw wkh odwwhu prgho grhv qrw vx�hu iurp wkh lqvwdelolw| +ru nqlih0hgjh vwdelolw|, ri wkh

Kduurg0Grpdu prgho1 Pdnh vxuh wkdw |rx h{sodlq wkh fulwlfdo uroh ri fdslwdo0oderxu

vxevwlwxwlrq1

Txhvwlrq 5

Frqvlghu wkh Vrorz0Vzdq prgho glvfxvvhg lq wkh errn lq Vhfwlrq 47151 Dvvxph wkdw wkh

hfrqrp| ihdwxuhv shuihfwo| frpshwlwlyh �upv1

+d, Ghulyh wkh skdvh gldjudp iru wkh prgho zlwkrxw whfkqrorjlfdo surjuhvv zlwk rxwsxw shu

zrunhu/ |/ rq wkh yhuwlfdo d{lv dqg fdslwdo shu zrunhu/ n/ rq wkh krul}rqwdo d{lv1 Vkrz

wkdw lq wkh edodqfhg jurzwk sdwk wkh uhodwlyh rxwsxw vkduhv ri fdslwdo dqg oderxu duh

frqvwdqw1 Vkrz wkrvh vkduhv lq wkh gldjudp1

+e, Qh{w dvvxph wkdw wkhuh lv Kduurg0qhxwudo whfkqrorjlfdo surjuhvv1 Ghulyh wkh h{suhvvlrqv

iru wkh uhqwdo udwh rq fdslwdo dqg wkh zdjh udwh1 Vkrz wkdw lq wkh edodqfhg jurzwk

sdwk wkh zdjh udwh jurzv dw wkh udwh ri whfkqrorjlfdo surjuhvv +q�,1 Ghprqvwudwh wkh

frqvwdqf| ri lqfrph vkduhv dqg looxvwudwh zlwk d gldjudp1

+f, Devwudfw iurp whfkqrorjlfdo surjuhvv exw dvvxph wkdw wkh srsxodwlrq jurzwk udwh lv

qrw frqvwdqw +dv lq wkh vwdqgdug Vrorz0Vzdq prgho, exw lqvwhdg ghshqgv rq hfrqrplf

frqglwlrqv1 Lq sduwlfxodu/ dvvxph wkdw qu lv orz iru orz ohyhov ri rxwsxw shu zrunhu +|,/

ulvhv txlwh udslgo| dv | h{fhhgv vrph �vxevlvwhqfh ohyho/� dqg vwduwv wr vorz grzq djdlq

dv | ehfrphv yhu| odujh1 Vkrz wkdw lv srvvleoh iru wkh prgho wr h{klelw pxowlsoh vwhdg|0

vwdwh htxloleuld1 Lqyhvwljdwh wkh vwdelolw| ri wkhvh htxloleuld dqg h{sodlq krz wkh prgho

fdq surylgh d ghvfulswlrq ri wkh wkhru| ri wkh �elj sxvk� +nqrzq iurp ghyhorsphqw

hfrqrplfv,1
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Txhvwlrq 6

^Ndogru +4<88,/ Sdvlqhwwl +4<95,/ Vdpxhovrq dqg Prgljoldql +4<99,` Frqvlghu wkh Vrorz0Vzdq

prgho glvfxvvhg lq wkh wh{w lq Vhfwlrq 47151 Dvvxph wkdw wkh hfrqrp| ihdwxuhv shuihfwo|

frpshwlwlyh �upv dqg devwudfw iurp whfkqrorjlfdo surjuhvv1 Dvvxph wkdw wkh vdylqjv ixqfwlrq

wdnhv wkh irup vxjjhvwhg e| Qlfkrodv Ndogru=

V+w, @ v�Z +w,O+w, . vR ^\ +w,�Z +w,O+w,` > +4,

zkhuh V+w,/ Z +w,/ O+w,/ dqg \ +w, duh/ uhvshfwlyho|/ djjuhjdwh vdylqj/ wkh zdjh udwh/ hpsor|0

phqw/ dqg rxwsxw1 Wkh surshqvlw| wr vdyh rxw ri oderxu lqfrph lv v�/ dqg wkh surshqvlw|

wr vdyh rxw ri sur�w lqfrph lv vR1 Erwk wkhvh vdylqjv surshqvlwlhv duh frqvwdqw dqg lw lv

dvvxphg wkdw 3 ? v� ? vR ? 41 Wkh uhvw ri wkh prgho lv vwdqgdug dqg lv jlyhq e| htxdwlrqv

+4716,0+4719, lq wkh errn1

+d, Vkrz wkdw wkh vdylqjv ixqfwlrq fdq eh zulwwhq dv V+w, @ v+w,\ +w,/ zkhuh v+w, lv gh�qhg

dv=

v+w, � v� . +vR � v�,$g+n+w,,> +6,

dqg zkhuh $g+�, � +u+w, . �,N+w,@\ +w, lv wkh lqfrph vkduh ri fdslwdo1

+e, Ghulyh wkh ixqgdphqwdo gl�huhqwldo htxdwlrq iru rxwsxw shu zrunhu1 Dvvxph wkdw wkh

surgxfwlrq ixqfwlrq lv FHV zlwk vxevwlwxwlrq hodvwlflw| 3 ? �gu � 41 Ghprqvwudwh

vwdelolw| dqg xqltxhqhvv ri wkh vwhdg|0vwdwh htxloleulxp1 Looxvwudwh |rxu dqvzhu xvlqj d

gldjudp zlwk rxwsxw shu zrunhu/ |/ rq wkh yhuwlfdo d{lv/ dqg fdslwdo shu zrunhu/ n/ rq

wkh krul}rqwdo d{lv1

+f, Vkrz wkdw lqfrph vkduhv duh frqvwdqw dorqj wkh edodqfhg jurzwk sdwk dqg looxvwudwh

wklv uhvxow lq wkh gldjudp1

+g, I Zkdw gr zh phdq e| wkh �Sdvlqhwwl sdudgr{� dqg krz gr Vdpxhovrq dqg Prgljoldql

+4<99, ghdo zlwk lwB

Txhvwlrq 7

Frqvlghu wkh vwdqgdug Vrorz0Vzdq prgho lq zklfk wkh srsxodwlrq/ O+w,/ jurzv dw d frqvwdqw

h{srqhqwldo udwh + bO+w,@O+w, @ qu,1 Devwudfw iurp whfkqrorjlfdo surjuhvv dqg dvvxph wkdw wkh

oderxu irufh sduwlflsdwlrq udwh lv d ixqfwlrq ri wkh uhdo zdjh udwh/ Z +w,/ dffruglqj wr=

s+Z +w,, @
Q+w,

O+w,
> +4,
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zkhuh Q+w, lv hpsor|phqw1 Dvvxph wkdw wkh surgxfwlrq ixqfwlrq lv Free0Grxjodv=

\ +w, @ N+w,kQ+w,�3k> +5,

zlwk 3 ? � ? 41

+d, Ghyhors wkh ixqgdphqwdo gl�huhqwldo htxdwlrq iru wkh shu fdslwd fdslwdo vwrfn +n � N@O,

dqg vkrz wkdw lw ghshqgv rq wkh hodvwlflw| ri wkh sduwlflsdwlrq udwh zlwk uhvshfw wr wkh

zdjh +�R` , dqg rq wkh hodvwlflw| ri zdjhv zlwk uhvshfw wr shu fdslwd fdslwdo +�`&,1

+e, Zkdw duh wkh olnho| vljqv ri �R` dqg �`&B H{sodlq lqwxlwlyho|1

+f, H{sodlq erwk irupdoo| dqg lqwxlwlyho| zkdw wkh h�hfw ri dq hqgrjhqrxv sduwlflsdwlrq

udwh lv rq wkh dgmxvwphqw vshhg ri wkh hfrqrp|1

Txhvwlrq 8

Dvvxph wkdw wkh surgxfwlrq ixqfwlrq/ \ @ I +N>O,/ vdwlv�hv dvvxpswlrqv +S4,0+S6, vwdwhg

lq Vhfwlrq 471514 lq wkh errn1 Gh�qh wkh shu0zrunhu surgxfwlrq ixqfwlrq/ i+n,/ dv lq htxdwlrq

+471;,1

+d, Vkrz wkdw wkh pdujlqdo surgxfwv ri fdslwdo dqg oderxu +Ig dqg Iu/ uhvshfwlyho|, fdq

eh zulwwhq lq whupv ri wkh shu0zrunhu surgxfwlrq ixqfwlrq1

+e, Suryh wkdw wkh shu0zrunhu surgxfwlrq ixqfwlrq kdv wkh iroorzlqj surshuwlhv=

i �+n, � 3

olp
&<f

i �+n, @ .4
olp
&<"

i �+n, @ 3=

+f, Dvvxph wkdw wkh surgxfwlrq idfwruv uhfhlyh wkhlu uhvshfwlyh pdujlqdo surgxfwv1 Ghulyh

wkh h{suhvvlrqv iru wkh zdjh udwh/ Z / dqg wkh uhqwdo udwh rq fdslwdo/ u . �/ zkhq

whfkqrorj| lv Free0Grxjodv1 Zkdw kdsshqv wr +Z>u, dv n $ 3 dqg dv n $ 4B Ghulyh

wkh h{suhvvlrq iru wkh idfwru sulfh iurqwlhu +ISI,/ l1h1 wkh h{suhvvlrq olqnlqj Z dqg

u/ dqg looxvwudwh lw judsklfdoo|1 Vkrz zkdw kdsshqv wr wkh ISI li jhqhudo surgxfwlylw|

lqfuhdvhv1

Txhvwlrq 9

^Exuphlvwhu dqg Grehoo +4<:3,` Dvvxph wkdw wkh idfwruv ri surgxfwlrq duh sdlg dffruglqj wr

wkhlu uhvshfwlyh pdujlqdo surgxfwv/ l1h1 Z @ Iu+N>O, dqg u . � @ Ig+N>O, dv lq htxdwlrq

+471:6, lq wkh wh{w1 Devwudfw iurp whfkqrorjlfdo surjuhvv1



Sureohp vhw iru Fkdswhu 47 8

+d, Wkh zdjh0uhqwdo udwlr/ $/ lv gh�qhg dv iroorzv= $ � Z@^u . �`1 Vkrz wkdw $ fdq eh

zulwwhq dv d ixqfwlrq ri n rqo|/ l1h1 $ @ $+n,1 Vkrz wkdw wklv ixqfwlrq fdq eh lqyhuwhg

wr |lhog n dv d ixqfwlrq ri $1 Ghqrwh wklv ixqfwlrq e| n @ �+$,1

+e, Lghqwli| wkh zdjh0uhqwdo udwlr lq d gldjudp zlwk n rq wkh krul}rqwdo d{lv dqg | dqg

Z +n, rq wkh yhuwlfdo d{lv1 +Vhh dovr Txhvwlrq 5+d, deryh iru d vlplodu gldjudp1,

+f, Wkh hodvwlflw| ri vxevwlwxwlrq lq surgxfwlrq lv gh�qhg dv=

�gu � IuIg
I +N>O,Iug

= +4,

Vkrz wkdw wkh hodvwlflw| ri wkh �+$, ixqfwlrq/ gh�qhg dv _&
_/

/
& / lv htxdo wr �gu1

Txhvwlrq :

^Lqwuloljdwru +4<:4,` Lq wkh qhrfodvvlfdo prgho/ xqghu frqglwlrqv ri frpshwlwlrq/ lq htxloleulxp

wkh zdjh htxdov wkh pdujlqdo surgxfw ri oderxu/ l1h1 Z W+w, � i+n+w,, � n+w,i+n+w,,1 Lq

glvhtxloleulxp/ zlwk vwlfn| uhdo zdjhv/ zh dvvxph wkdwZ +w, lv dgmxvwhg wrzdug wkh htxloleulxp

dffruglqj wr=

bZ +w, @ # ^Z +w,�Z W+w,` > +4,

zlwk #+3, @ 3 dqg #� ? 31 Zh devwudfw iurp whfkqrorjlfdo fkdqjh dqg dvvxph wkdw wkh

srsxodwlrq jurzv dw d frqvwdqw h{srqhqwldo udwh/ qu1 Dvvxph wkdw wkh Lqdgd frqglwlrqv duh

vdwlv�hg1

+d, Dvvxph wkdw wkh zrunhuv frqvxph wkhlu hqwluh zdjh lqfrph1 Wkh fdslwdolvwv kdyh d

frqvwdqw surshqvlw| wr vdyh v� +zlwk 3 ? v� ? 4,1 Ghulyh wkh ixqgdphqwdo gl�huhqwldo

htxdwlrq iru fdslwdo shu zrunhu1

+e, Vkrz lq wkh +n+w,>Z +w,, sodqh wkh htxloleulxp ohyhov ri n+w, dqg Z +w,1 Dvvxph iru

frqyhqlhqfh wkdw whfkqrorj| lv Free0Grxjodv/ l1h1 i+n, @ nk zlwk 3 ? � ? 411

+f, Vkrz vhyhudo srvvleoh sdwkv wrzdug wklv htxloleulxp iroorzlqj dq rxweuhdn ri wkh sodjxh

lq zklfk pxfk ri wkh oderxu irufh lv ghvwur|hg exw wkh fdslwdo vwrfn uhpdlqv lqwdfw1

Xqghu zkdw frqglwlrqv zloo wkh sdwkv hyhqwxdoo| pryh wrzdug htxloleulxp udwkhu wkdq

vsludoolqj durxqg lwB

Txhvwlrq ;

^Fdvv +4<98,/ Nrrspdqv +4<9:,` Lq Vhfwlrq D1; ri wkh Pdwkhpdwlfdo Dsshqgl{ zh lqwurgxfh

vrph nh| uhvxowv iurp wkh wkhru| ri rswlpdo frqwuro1 Wklv wkhru| lv yhu| xvhixo wr vroyh

g|qdplf rswlpl}dwlrq sureohpv/ vxfk dv wkh rqhv idfhg e| wkh uhsuhvhqwdwlyh krxvhkrog +lq

Vhfwlrq 471814, ru wkh vrfldo sodqqhu +lq Vhfwlrq 471817,1
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+d, Ghulyh wkh frqvxpswlrq Hxohu htxdwlrq +47196, e| phdqv ri wkh Kdplowrqldq phwkrg

h{sodlqhg lq wkh Pdwkhpdwlfdo Dsshqgl{1 Ghqrwh wkh fr0vwdwh yduldeoh e| �+w,1 Zklfk

yduldeoh lv wkh frqwuro yduldeohB Zklfk rqh lv wkh vwdwh yduldeohB

+e, Ghyhors wkh skdvh gldjudp iru wkh Udpvh| prgho zlwk �+w, rq wkh yhuwlfdo dqg n+w, rq

wkh krul}rqwdo d{lv +udwkhu wkdq lq wkh +f> n, vsdfh/ dv lq Iljxuh 471;,1

Lq wkh wh{w zh dvvxph wkdw wkh uhsuhvhqwdwlyh krxvhkrog kdv d olihwlph xwlolw| ixqfwlrq dv lq

+47186,1 Dvvxph qrz wkdw wkh krxvhkrog kdv d voljkwo| gl�huhqw olihwlph xwlolw| ixqfwlrq=

�+3, �
] "

f
O+w,X ^f+w,`h34|gw> � A 3> +4,

zkhuh O+w, lv wkh vl}h ri wkh srsxodwlrq ^l1h1 wkh vl}h ri wkh g|qdvwlf idplo|`1 Dvvxph d

frqvwdqw srsxodwlrq jurzwk udwh/ l1h1 bO+w,@O+w, @ q1

+f, Frpsduh dqg frqwudvw +47186, dqg +4,1 Ghulyh wkh frqvxpswlrq Hxohu htxdwlrq iru wkh

prgl�hg prgho1

Txhvwlrq <

^Lqwuloljdwru +4<:4,` Frqvlghu wkh vwdqgdug qhrfodvvlfdo jurzwk prgho zlwkrxw whfkqrorjlfdo

fkdqjh1 Dvvxph wkdw frqvxpswlrq shu zrunhu lv �{hg +dw f+w, @ �f,/ wkdw fdslwdo grhv qrw

ghsuhfldwh +� @ 3,/ dqg wkdw wkh srsxodwlrq jurzv dw d frqvwdqw h{srqhqwldo udwh qu1

+d, Vkrz wkdw wkh jurzwk udwh ri wkh fdslwdo vwrfn/ �g+w, � bN+w,@N+w,/ lv pd{lpl}hg zkhq

wklv jurzwk udwh htxdov wkh pdujlqdo surgxfw ri fdslwdo/ l1h1 zkhq �g+w, htxdov wkh

lqwhuhvw udwh1

+e, Looxvwudwh |rxu uhvxow lq sduw +d, judsklfdoo|1 Dvvxph iru frqyhqlhqfh wkdw whfkqrorj|

lv Free0Grxjodv1 Klqw= h{suhvv �g+w, dv d ixqfwlrq ri wkh fdslwdo0oderxu udwlr n+w,1

+f, Jhqhudol}h |rxu uhvxow wr wkh fdvh zlwk d srvlwlyh ghsuhfldwlrq udwh +� A 3,1

Txhvwlrq 43

^Udpvh| +4<5;,/ Lqwuloljdwru +4<:4,` Lq wkh ruljlqdo wuhdwphqw ri wkh sureohp ri rswlpdo

hfrqrplf jurzwk/ Iudqn Udpvh| dujxhg rq wkh edvlv ri hwklfdo eholhiv wkdw wkhuh vkrxog eh

qr glvfrxqwlqj ri ixwxuh iholflw| +� @ 3,1 Vlqfh wkh zhoiduh lqwhjudo zloo wkhq qrw jhqhudoo|

frqyhujh/ Udpvh| vxjjhvwhg d gl�huhqw dssurdfk1 Kh dvvxphg wkdw wkhuh lv d �qlwh xsshu

olplw iru hlwkhu wkh surgxfwlrq ixqfwlrq ru wkh iholflw| ixqfwlrq/ lq hlwkhu fdvh ohdglqj wr d

�qlwh xsshu olplw wr xwlolw| fdoohg eolvv/ E=

E � pd{
tS�

X+f, @ X+f�,> +4,



Sureohp vhw iru Fkdswhu 47 :

zkhuh f� lv wkh eolvv frqvxpswlrq shu zrunhu zklfk lv dvvxphg wr eh �qlwh1 Kh wkhq srvwxodwhg

wkh iroorzlqj +xqglvfrxqwhg, remhfwlyh ixqfwlrq wkdw lv wr eh plqlpl}hg =

U �
] "

f
^E � X+f+w,,` gw> +5,

zkhuh U lv d phdvxuh ri �uhjuhw� +l1h1 wkh vrfldo frvw dvvrfldwhg zlwk ghyldwlqj iurp wkh eolvv

srlqw,1 Vroyh wkh Udpvh| sureohp ri plqlpl}lqj uhjuhw vxemhfw wr wkh qhrfodvvlfdo jurzwk

prgho1 Dvvxph wkdw wkhuh lv qr whfkqrorjlfdo fkdqjh dqg wkdw wkh srsxodwlrq lv frqvwdqw1

Looxvwudwh |rxu dqvzhu zlwk wkh dlg ri d gldjudp dqg vkrz wkdw wkh prgho lv vdggoh0srlqw

vwdeoh1

Txhvwlrq 44 I

^Nxu} +4<9;,` Rqh ri wkh remhfwlrqv wkdw kdv ehhq udlvhg djdlqvw wkh Vrorz0Vzdq prgho

frqfhuqv wkh dg krf qdwxuh ri wkh vdylqjv ixqfwlrq1 Lq wkh vr0fdoohg �lqyhuvh rswlpxp�

sureohp zh wu| wr ghwhuplqh wkh fodvv ri krxvhkrog remhfwlyh ixqfwlrqv zklfk zloo lq idfw

|lhog wkh Vrorz0Vzdq vdylqjv ixqfwlrq dv dq rswlpdo srolf| uxoh1 Lq wklv txhvwlrq zh vwxg|

wklv lqyhuvh rswlpxp sureohp lq ghwdlo1 Zh frqvlghu wkh iroorzlqj prgho=

bn+w, @ i +n+w,,� f+w,� +� . qu,n+w,> +4,

f+w, @ +4� v, |+w,> 3 ? v ? �> +5,

|+w, @ Dn+w,k> 3 ? � ? 4> +6,

zkhuh n+w,/ |+w,/ dqg f+w, duh/ uhvshfwlyho|/ fdslwdo/ rxwsxw/ dqg frqvxpswlrq shu zrunhu1

Fdslwdo ghsuhfldwhv dw d frqvwdqw udwh/ �/ dqg wkh srsxodwlrq jurzv dw dq h{srqhqwldo udwh/

qu1 Wkh vdylqjv udwh/ v/ lv frqvwdqw1 Wkh hfrqrp| lv shuihfwo| frpshwlwlyh vr wkh xvxdo

pdujlqdo surgxfwlylw| frqglwlrqv iru wkh surgxfwlrq idfwruv duh ydolg1 Krxvhkrog ehkdylrxu

lv ghvfulehg e| wkh Udpvh| prgho ri Vhfwlrq 47181

+d, Vkrz wkdw htxdwlrq +4, lv d uhzulwwhq yhuvlrq ri htxdwlrq +47188, lq wkh errn1

+e, Vkrz wkdw lq wkh vwhdg| vwdwh/ wkh ydulrxv sdudphwhuv duh uhodwhg dffruglqj wr=

� . qu
v

@
�. � . qu

�
> +7,

zkhuh � lv wkh udwh ri wlph suhihuhqfh1

+f, Vkrz wkdw wkh rqo| vroxwlrq iru wkh lqyhuvh rswlpxp sureohp lv wkh idplo| ri xwlolw|

ixqfwlrqv ihdwxulqj d frqvwdqw hodvwlflw| ri vxevwlwxwlrq1 Vkrz dovr wkdw � @ v dqg

h{sodlq zk| zh qhhg wkh frqglwlrq v ? � iru wklv uhvxow wr pdnh vhqvh1
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Lq wkh errn zh ghyhors dqg vroyh wkh Udpvh| prgho lq whupv ri lwv lpsolfdwlrqv iru frq0

vxpswlrq dqg fdslwdo shu zrunhu1 Lq wklv txhvwlrq zh vwxg| wkh Udpvh| prgho lq whupv ri lwv

lpsolfdwlrqv iru fdslwdo shu zrunhu dqg wkh vdylqjv udwlr1 Uhfdoo wkdw wkh vdylqjv udwlr/ v+w,/

lv wkh sursruwlrq ri lqfrph wkdw lv vdyhg dqg lqyhvwhg=

v+w, � V+w,

\ +w,
@

L+w,

\ +w,
@

bN+w, . �N+w,

\ +w,
= +4,

Lw iroorzv iurp +4, wkdw frqvxpswlrq shu zrunhu lv=

f+w, @ ^4� v+w,` |+w,> +5,

zkhuh |+w, @ i +n+w,, lv wkh lqwhqvlyh0irup surgxfwlrq ixqfwlrq1 Wkh ixqgdphqwdo gl�huhqwldo

htxdwlrq iru wkh fdslwdo vwrfn lv=

bn+w, @ v+w,i +n+w,,� +� . qu, n+w,= +6,

Dvvxph wkdw wkh whfkqrorj| lv Free0Grxjodv/ l1h1 |+w, @ Dn +w,k zlwk 3 ? � ? 4/ dqg wkdw

wkh iholflw| ixqfwlrq lv lvr0hodvwlf zlwk lqwhuwhpsrudo vxevwlwxwlrq hodvwlflw| �1 Devwudfw iurp

whfkqrorjlfdo fkdqjh1

+d, Vroyh wkh rswlpl}dwlrq sureohp lq whupv ri wkh vdylqjv udwh dqg wkh fdslwdo vwrfn shu

zrunhu1

+e, Ghulyh wkh ixqgdphqwdo gl�huhqwldo htxdwlrqv iru n dqg v1

+f, Ghqrwh wkh vwhdg|0vwdwh ydoxh iru wkh vdylqjv udwh e| vW1 Looxvwudwh wkh skdvh gldjudp

iru wkh wkuhh srvvleoh fdvhv/ qdpho| fdvh +4, vW @ �/ fdvh +5, vW A �/ dqg fdvh +6, vW ? �1

H{sodlq wkh hfrqrplf lqwxlwlrq ehklqg wkh g|qdplf dgmxvwphqw iru doo wkuhh fdvhv1

+g, Qrz vroyh iru wkh rswlpdo wlph sdwk iru wkh vdylqj udwh li wkh surgxfwlrq ixqfwlrq lv

i+n+w,, @ Dn+w,1

Txhvwlrq 46

^Lqwuloljdwru +4<:4,` Frqvlghu wkh qhrfodvvlfdo jurzwk prgho zlwk whfkqrorjlfdo surjuhvv dqg

dvvxph wkdw wkh djjuhjdwh surgxfwlrq ixqfwlrq lv jlyhq e|=

\ +w, @ D� +w,I ^Dg+w,N+w,> Du+w,O+w,` > +4,

zkhuh D� +w, � h?M | vxppdul}hv �surgxfw dxjphqwlqj� whfkqlfdo fkdqjhv/ Dg+w, � h?7|

vxppdul}hv �fdslwdo dxjphqwlqj� whfkqlfdo fkdqjh/ dqg Du+w, � h?�| vxppdul}hv �oderxu

dxjphqwlqj� whfkqlfdo fkdqjh1 Dvvxph wkdw wkh uhsuhvhqwdwlyh krxvhkrog kdv wkh olihwlph

xwlolw| ixqfwlrq +47186, dqg idfhv wkh exgjhw lghqwlw| +47187, dqg dq dssursuldwho| gh�qhg

QSJ frqglwlrq1
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+d, Vkrz wkdw wkh rqo| whfkqlfdo surjuhvv frqvlvwhqw zlwk d edodqfhg jurzwk htxloleulxp lv

sxuho| oderxu dxjphqwlqj +�Kduurg qhxwudo�, whfkqlfdo fkdqjh1

+e, Ghyhors wkh vroxwlrq wr wkh krxvhkrog rswlpl}dwlrq sureohp lq wkh fdvh ri Kduurg qhxwudo

whfkqrorjlfdo fkdqjh/ zkhuh q� A 3 dqg q7 @ qM @ 31 Dvvxph wkdw wkh xwlolw| ixqfwlrq

ihdwxuhv d frqvwdqw lqwhuwhpsrudo vxevwlwxwlrq hodvwlflw|/ �1 Klqw = uhfdoo wkdw wkh zdjh

udwh jurzv h{srqhqwldoo| lq wkh edodqfhg jurzwk sdwk1

+f, Ghyhors wkh vroxwlrq wr wkh qhrfodvvlfdo sureohp ri rswlpdo hfrqrplf jurzwk iru sxuho|

surgxfw dxjphqwlqj +�Klfnv qhxwudo�, whfkqlfdo fkdqjh/ zkhuh D� +w, @ h?�| dqgDu+w, @

Dg+w, @ 41

+g, Ghyhors wkh vroxwlrq wr wkh qhrfodvvlfdo sureohp ri rswlpdo hfrqrplf jurzwk iru sxuho|

fdslwdo dxjphqwlqj +�Vrorz qhxwudo�, whfkqlfdo fkdqjh/ zkhuhDg+w, @ h?�| dqgD� +w, @

Du+w, @ 41

Txhvwlrq 47

^Frqvwdqw pdujlqdo xwlolw|` Lq wkh wh{w zh irfxv dwwhqwlrq rq wkh fdvh lq zklfk krxvhkrog

xwlolw| ihdwxuhv d �qlwh lqwhuwhpsrudo vxevwlwxwlrq hodvwlflw|1 Dv dq h{whqvlrq zh qrz vwxg|

wkh fdvh iru zklfk pdujlqdo xwlolw| lv frqvwdqw1 Wkh olihwlph xwlolw| ixqfwlrq +47186, lv uhsodfhg

e|=

�+3, �
] "

f
f+w,h34|gw> +4,

zkhuh f+w, lv frqvxpswlrq shu zrunhu1 Zh vwxg| wkh vrfldo sodqqlqj vroxwlrq wr wkh krxvhkrog

rswlpl}dwlrq sureohp1 Wkh ixqgdphqwdo gl�huhqwldo htxdwlrq iru wkh fdslwdo vwrfn shu zrunhu/

n+w,/ lv=

bn+w, @ i +n+w,,� f+w,� +� . qu, n+w,> +5,

zkhuh |+w, @ i +n+w,, lv rxwsxw shu zrunhu1 Wkh surgxfwlrq ixqfwlrq vdwlv�hv wkh Lqdgd

frqglwlrqv dqg wkhuh lv qr whfkqrorjlfdo surjuhvv1 Wkh vroxwlrq iru frqvxpswlrq pxvw vdwlvi|

wkh iroorzlqj frqvwudlqwv=

�f � f+w, � i +n+w,, > +6,

zkhuh �f lv vrph plqlpxp frqvxpswlrq ohyho +lw lv dvvxphg wkdw 3 ? �f ? fC-/ zkhuh fC- lv

wkh pd{lpxp dwwdlqdeoh �jroghq uxoh� frqvxpswlrq ohyho,1

+d, Vhw xs wkh dssursuldwh fxuuhqw0ydoxh Kdplowrqldq dqg ghulyh wkh �uvw0rughu frqglwlrqv1

Vkrz wkdw wkh vroxwlrq iru frqvxpswlrq lv d vr0fdoohg �edqj0edqj� vroxwlrq=

f+w, @

;A?
A=

�f iru �+w, A 4

iuhh iru �+w, @ 4

i+n+w,, iru �+w, ? 4

> +7,
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zkhuh �+w, lv wkh fr0vwdwh yduldeoh1

+e, Ghulyh wkh skdvh gldjudp iru wkh prgho dqg vkrz wkdw wkhuh h{lvwv d xqltxh vdggoh

srlqw0vwdeoh htxloleulxp1 Vkrz wkdw wklv htxloleulxp lv lq idfw uhdfkhg surylghg wkh

lqlwldo fdslwdo vwrfn shu zrunhu olhv lq wkh lqwhuydo +nu> nL ,1

Txhvwlrq 48

^Uhehor +4<<5,` Frqvlghu d vlpsoh prgho ri hqgrjhqrxv jurzwk1 Wkh uhsuhvhqwdwlyh krxvhkrog

kdv wkh iroorzlqj olih0wlph xwlolw| ixqfwlrq=

�+w, �
] "

|

%�
F+�,� �F

��3�*j � 4

4� 4@�

&
h4E|3��g�> +4,

zkhuh �F ghqrwhv wkh vxevlvwhqfh +ru plqlpxp, ohyho ri sulydwh frqvxpswlrq1 Wkh surgxfwlrq

ixqfwlrq glvsod|v frqvwdqw uhwxuqv wr vfdoh zlwk uhvshfw wr d yhu| eurdg phdvxuh ri fdslwdo/

l1h1 \ +w, @ DN+w,1 Ljqruh whfkqrorjlfdo fkdqjh dqg dvvxph d frqvwdqw srsxodwlrq1 Dvvxph

ixuwkhupruh wkdw u A � dqg +4� �,u . �� A 3 zkhuh u � D� �1

+d, Ghulyh dq h{suhvvlrq iru wkh lqwhuwhpsrudo vxevwlwxwlrq hodvwlflw| dqg vkrz wkdw lw gh0

shqgv rq �F1 H{sodlq wkh lqwxlwlrq1

+e, Ghulyh dq h{suhvvlrq iru wkh jurzwk udwh ri wkh hfrqrp|/ erwk lq wkh vkruw uxq dqg lq

wkh orqj uxq1 Vkrz wkdw srru frxqwulhv jurz dw d vorzhu udwh wkdq ulfk frxqwulhv gr1

+f, Frqvlghu d Udpvh| prgho ri fodvvlfdo jurzwk zlwk wkh vdph suhihuhqfhv dv ehiruh/ exw

zlwk d Free0Grxjodv surgxfwlrq ixqfwlrq dqg wkxv ghfuhdvlqj uhwxuqv wr fdslwdo/ l1h1

\ +w, @ I +N+w,, � DN+w,k1 Ghulyh dq h{suhvvlrq iru wkh jurzwk udwh ri wkh hfrqrp|/

erwk lq wkh vkruw uxq dqg lq wkh orqj uxq1 Lv lw qrz srvvleoh iru srru frxqwulhv wr jurz

idvwhu wkdq ulfk frxqwulhv dqg fdwfk xsB
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Qrwhv=

Vhh Vrorz +5333, errn iru wzr ixuwkhu txhvwlrqv rq ss14470449 dqg 45:04661

Uhihuhqfhv

Exuphlvwhu/ H1 dqg Grehoo/ D1 U1 +4<:3,1 Pdwkhpdwlfdo Wkhrulhv ri Hfrqrplf Jurzwk1

Pdfploodq/ Orqgrq1

Fdvv/ G1 +4<98,1 Rswlpxp jurzwk lq dq djjuhjdwlyh prgho ri fdslwdo dffxpxodwlrq1 Uhylhz

ri Hfrqrplf Vwxglhv/ 65=566�5731

Grpdu/ H1 G1 +4<7<,1 Fdslwdo h{sdqvlrq/ udwh ri jurzwk/ dqg hpsor|phqw1 Hfrqrphwulfd/

47=46:�47:1

Kduurg/ U1 I1 +4<6<,1 Dq hvvd| lq g|qdplf wkhru|1 Hfrqrplf Mrxuqdo/ 7<=47�661

Lqwuloljdwru/ P1 G1 +4<:4,1 Pdwkhpdwlfdo Rswlpl}dwlrq dqg Hfrqrplf Wkhru|1 Suhqwlfh Kdoo/

Hqjohzrrg Fol�v/ QM1

Ndogru/ Q1 +4<88,1 Dowhuqdwlyh wkhrulhv ri glvwulexwlrq1 Uhylhz ri Hfrqrplf Vwxglhv/ 56=;6�

4331

Nrrspdqv/ W1 F1 +4<9:,1 Remhfwlyhv/ frqvwudlqwv/ dqg rxwfrphv lq rswlpdo jurzwk prghov1

Hfrqrphwulfd/ 68=4�481

Sdvlqhwwl/ O1 O1 +4<95,1 Udwh ri sur�w dqg lqfrph glvwulexwlrq lq uhodwlrq wr wkh udwh ri

hfrqrplf jurzwk1 Uhylhz ri Hfrqrplf Vwxglhv/ 5<=59:�5:<1

Vdpxhovrq/ S1 D1 dqg Prgljoldql/ I1 +4<99,1 Wkh Sdvlqhwwl sdudgr{ lq qhrfodvvlfdo dqg pruh

jhqhudo prghov1 Uhylhz ri Hfrqrplf Vwxglhv/ 66=59<�6341

Vrorz/ U1 P1 +5333,1 Jurzwk Wkhru|= Dq H{srvlwlrq1 R{irug Xqlyhuvlw| Suhvv/ R{irug/ vhfrqg

hglwlrq1


