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Wkh txhvwlrqv zlwk d vwdu +I, duh gl!fxow1

Txhvwlrq 4

^Wkh Nh|qhvldq Furvv prgho ` Frqvlghu d forvhg hfrqrp| ghvfulehg e| wkh iroorzlqj htxdwlrqv=

\ @ F . L .J +4,

F @ Ff . f+\ � W ,> 3 ? f ? 4> +5,

zkhuh \ / F/ L / J/ dqg W duh/ uhvshfwlyho|/ rxwsxw/ frqvxpswlrq/ lqyhvwphqw/ jryhuqphqw

frqvxpswlrq/ dqg wd{hv1 Ff uhsuhvhqwv wkh h{rjhqrxv sduw ri frqvxpswlrq dqg f lv wkh

pdujlqdo surshqvlw| wr frqvxph1 Dvvxph wkdw sulfhv duh �{hg dqg wkdw L/ J/ dqg W duh doo

h{rjhqrxv1

+d, Uhfdoo wkdw \ @ F . V . W 1 Ghulyh wkh vdylqjv htxdwlrq/ l1h1 wkh h{suhvvlrq uhodwlqj V

wr djjuhjdwh lqfrph dqg wkh sdudphwhuv ri wkh prgho1

+e, Ghulyh dq h{suhvvlrq iru wkh htxloleulxp frqglwlrq lqyroylqj wkh vdylqjv htxdwlrq1

+f, Ghprqvwudwh wkh vr0fdoohg sdudgr{ ri wkuliw e| frpsxwlqj wkh h�hfwv rq rxwsxw/ vdylqj/

dqg frqvxpswlrq/ ri d ghfuhdvh lq Ff1 Zk| gr zh fdoo wklv skhqrphqrq d sdudgr{ ri

wkuliwB

+g, Frpsxwh wkh rxwsxw pxowlsolhu zlwk uhvshfw wr jryhuqphqw frqvxpswlrq/ g\@gJ/ xqghu

wkh dvvxpswlrq wkdw wkh jryhuqphqw �qdqfhv lwv dgglwlrqdo vshqglqj e| udlvlqj wkh wd{

+l1h1 gW @ gJ,1 H{sodlq wkh lqwxlwlrq ehklqg wklv vr0fdoohg Kddyhopr +edodqfhg0exgjhw,

pxowlsolhu1 Vkrz wkh gl�huhqw urxqgv ri wkh pxowlsolhu surfhvv1

+h, Qrz dvvxph wkdw wd{hv ghshqg srvlwlyho| rq rxwsxw/ l1h1 W @ w\ / zkhuh w lv wkh

pdujlqdo +dqg dyhudjh, wd{ udwh +lw lv dvvxphg wkdw 3 ? w ? 4,1 Frpsxwh wkh rxwsxw

4
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pxowlsolhu zlwk uhvshfw wr jryhuqphqw frqvxpswlrq/ g\@gJ/ xqghu wkh dvvxpswlrq wkdw

wkh jryhuqphqw �qdqfhv lwv dgglwlrqdo vshqglqj e| vhoolqj erqgv1 Lv wkh pxowlsolhu

rewdlqhg khuh juhdwhu ru vpdoohu wkdq wkh Kddyhopr pxowlsolhuB Vkrz zkdw kdsshqv wr

frqvxpswlrq dqg wkh jryhuqphqw gh�flw +J� W ,1 H{sodlq |rxu dqvzhuv erwk irupdoo|

dqg lqwxlwlyho|1

Txhvwlrq 5

^Wkh Lpsruw Ohdndjh` Zh h{whqg wkh prgho ri txhvwlrq 4 e| dvvxplqj wkdw wkh hfrqrp| lv

rshq wr wudgh lq jrrgv dqg vhuylfhv1 Dvvxph wkdw sulfhv duh �{hg dqg wkdw L/ J/ dqg W duh

doo h{rjhqrxv1 Wkh hfrqrp| lv ghvfulehg e| wkh iroorzlqj htxdwlrqv=

\ @ F . L .J.[ +4,

F @ Ff . f+\ � W ,> 3 ? f ? 4> +5,

[ @ [f �p\> 3 ? p ? 4> +6,

zkhuh [ lv qhw h{sruwv +h{sruwv plqxv lpsruwv,/ dqg p lv wkh pdujlqdo surshqvlw| wr lpsruw

jrrgv dqg vhuylfhv1 Wkh h{rjhqrxv frpsrqhqw ri qhw h{sruwv lv jlyhq e| [f1

+d, Vroyh wkh prgho e| �qglqj h{suhvvlrqv iru wkh hqgrjhqrxv yduldeohv +\ / F/ dqg [,

lq whupv ri wkh h{rjhqrxv yduldeohv +L / J/ Ff/ [f/ dqg W , dqg wkh sdudphwhuv +f dqg

p,1 Wkhvh duh wkh vr0fdoohg uhgxfhg0irup h{suhvvlrqv iru rxwsxw/ frqvxpswlrq/ dqg qhw

h{sruwv1

+e, Frpsxwh wkh rxwsxw pxowlsolhu zlwk uhvshfw wr jryhuqphqw frqvxpswlrq1 Grhv wkh

surshqvlw| wr lpsruw lqfuhdvh ru ghfuhdvh wklv pxowlsolhuB H{sodlq wkh lqwxlwlrq ehklqg

wkh lpsruw ohdndjh1

+f, Frpsxwh wkh h�hfw rq rxwsxw/ frqvxpswlrq/ dqg qhw h{sruwv ri dq lqfuhdvh lq zruog

wudgh +uhsuhvhqwhg e| dq lqfuhdvh lq [f,1 H{sodlq wkh lqwxlwlrq ehklqg |rxu uhvxowv1

Txhvwlrq 6

^Wkh Pxqghoo0Iohplqj Prgho ` Frqvlghu dq rshq hfrqrp| LV0OP prgho zlwk shuihfw fdslwdo

prelolw|1 Dvvxph wkdw zh h{whqg wkh LV0OP prgho e| lqwurgxflqj lqwhuqdwlrqdo wudgh1 Dv0

vxph ixuwkhupruh wkdw wkh sulfh ohyho lv �{hg +vd| S @ Sf, dqg wkdw grphvwlf dqg iruhljq
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erqgv duh shuihfw vxevwlwxwhv1 Wkh h{whqghg prgho lv jlyhq e|=

\ @ F . L .J.[ +4,

F @ F+\ � W , 3 ? Ft3A ? 4 +5,

L @ L+U,> L- ? 3 +6,

W @ W +\ ,> 3 ? Wt ? 4 +7,

P@S @ n+\ , . o+U, +8,

[ � H[ +H,� LP +H>\ ,H> H[. A 3> LP. ? 3> LP t A 3 +9,

U @ UW . bH@H +:,

zkhuh \ / F/ L/ J/ W / dqg U duh/ uhvshfwlyho|/ rxwsxw/ frqvxpswlrq/ lqyhvwphqw/ jryhuqphqw

frqvxpswlrq/ wd{hv/ dqg wkh lqwhuhvw udwh1 Ixuwkhupruh/ UW lv wkh iruhljq lqwhuhvw udwh/ H[ lv

h{sruwv/ LP lv lpsruwv/ H lv wkh h{fkdqjh udwh +jxloghuv shu xqlw ri iruhljq fxuuhqf|,/ dqg[ lv

qhw h{sruwv1 Xvh wklv prgho wr dqvzhu wkh iroorzlqj txhvwlrqv1 Dvvxph wkdw wkh h{shfwdwlrqv

uhjduglqj wkh h{fkdqjh udwh duh shuihfwo| lqhodvwlf +vr wkdw wkhuh lv qr vshfxodwlrq rq wkh

pdunhw iru iruhljq h{fkdqjh dqg wkh bH@H whup fdq eh sxw htxdo wr }hur,1

+d, Lqwhusuhw wkh htxdwlrqv1

+e, H{sodlq wkh vr0fdoohg Pduvkdoo0Ohuqhu frqglwlrq1

+f, Zk| lv wkhuh ohvv vfrsh iru Nh|qhvldq frxqwhuf|folfdo srolf| lq dq rshq hfrqrp| zlwk

 h{leoh h{fkdqjh udwhB Krz h�hfwlyh lv prqhwdu| srolf| lq vxfk d vlwxdwlrqB

+g, Fdq wkh jryhuqphqw ri dq ohvv0wkdq0ixoo| hpsor|hg hfrqrp| errvw hpsor|phqw zlwkrxw

sxwwlqj suhvvxuh rq wkh lqwhuhvw udwh +dqg wkh iruhljq h{fkdqjh udwh,B Vkrz krz wkh

jryhuqphqw fdq hqjlqhhu dq dssuhfldwlrq ri wkh fxuuhqf| zlwkrxw kduplqj hpsor|phqw1

Glvwlqjxlvk wkh wzr fdvhv ri �{hg dqg  h{leoh h{fkdqjh udwhv1

+h, H{sodlq zk| d vpdoo rshq hfrqrp| zlwk �{hg h{fkdqjh udwhv lv h{wuhpho| vhqvlwlyh wr

vkrfnv lq zruog wudgh1 Lv lw srvvleoh wr xvh prqhwdu| ru �vfdo srolf| wr frxqwhu wkh

h�hfwv ri zruog wudgh vkrfnvB

Txhvwlrq 7

Lq wkh errn zh kdyh ghyhorshg d yhu| vlpsoh prgho ri wkh djjuhjdwh oderxu pdunhw1 Vxssrvh

wkdw zh zulwh wklv prgho dv iroorzv==

Q( @ Q(+Z@S> �N,> Q(
`*� @

4

I��
? 3> Q(

7g @ �
�
I�k
I��

�
A 3> +4,

Z@S @ j+Q7,> j� A 3> +5,

^Q � ` Q( @ Q7 > +6,
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zkhuh Q( lv oderxu ghpdqg/ Z lv wkh qrplqdo zdjh/ S lv wkh sulfh ohyho/ �N lv wkh fdslwdo

vwrfn/ Q7 lv oderxu vxsso|/ dqg Q lv htxloleulxp hpsor|phqw1 Zh dvvxph wkdw wkh h{shfwhg

sulfh lv htxdo wr wkh dfwxdo sulfh +S e @ S , dqg wkdw wkh oderxu pdunhw lv lq htxloleulxp1

Dqvzhu wkh iroorzlqj txhvwlrqv derxw wklv prgho1 Xvh judsklfdo phdqv dv pxfk dv srvvleoh1

+d, Zkdw gr zh dvvxph lpsolflwo| lq htxdwlrq +4, derxw wkh lqfrph dqg vxevwlwxwlrq h�hfwv

lq oderxu vxsso|B H{sodlq lqwxlwlyho| krz wkhvh h�hfwv rshudwh1

+e, Dvvxph wkdw wkh jryhuqphqw lqwurgxfhv d vr0fdoohg sd|uroo wd{ +w` ,/ l1h1 d wd{ ohylhg

rq hpsor|huv zklfk lv sursruwlrqdo wr wkh �up*v zdjh eloo1 Wkh sd|uroo wd{ lv wkxv d

wd{ rq wkh xvh ri oderxu e| �upv1 Wklv wd{ fkdqjhv wkh gh�qlwlrq ri sur�w iru wkh

uhsuhvhqwdwlyh �up wr= � � SI +Q> �N,�Z +4. w` ,Q 1 H{sodlq wkh h�hfw ri wkh sd|uroo

wd{ rq wkh ghpdqg iru oderxu

+f, Ghprqvwudwh wkh h�hfwv rq hpsor|phqw +Q, dqg wkh jurvv uhdo zdjh +Z@S , ri wkh

sd|uroo wd{1 Zkr hqg xs xowlpdwho| sd|lqj wkh sd|uroo wd{�wkh �upv ru wkh zrunhu0

krxvhkrogvB

+g, Lqwurgxfh d ydoxh0dgghg +frqvxpswlrq, wd{ +w�, lq wkh vlpsoh oderxu pdunhw prgho1

H{sodlq zkdw kdsshqv wr hpsor|phqw +Q, dqg wkh jurvv uhdo zdjh +Z@S ,1 Zkr xowl0

pdwho| sd|v wkh wd{B
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D1F1 Sljrx zdv d froohdjxh exw qrw d elj shuvrqdo iulhqg ri Nh|qhv1 Kh uhixvhg wr wdnh wkh

vr0fdoohg oltxlglw| wuds vhulrxvo|1 Kh fodlphg +mxvw olnh Eolqghu dqg Vrorz/ wr eh vwxglhg lq

Fkdswhu 5, wkdw frqvxpswlrq dovr ghshqgv srvlwlyho| rq uhdo zhdowk +D/ iru �dvvhwv�,/ vr wkdw

wkh hfrqrp| fdq qhyhu �qg lwvhoi shupdqhqwo| lq wkh �oltxlglw| wuds1� Vxssrvh wkdw zh zulwh

wkh frqvxpswlrq ixqfwlrq dv F @ F+\ � W>D, +zlwk 3 ? Ft3A ? 4 dqg F� A 3, dqg wkdw

zhdowk frqvlvwv ri uhdo fdslwdo soxv uhdo prqh| edodqfhv +D @ �N.P@S ,1 H{sodlq wkdw Sljrx

pd| zhoo eh uljkw1 Looxvwudwh Sljrx*v dujxphqw judsklfdoo|1
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Frqvlghu wkh Free0Grxjodv surgxfwlrq ixqfwlrq=

\ @ I +Q> �N, @ Q " �N�3"> 3 ? � ? 4>

zkhuh \ lv rxwsxw/ Q lv hpsor|phqw dqg �N lv wkh fdslwdo vwrfn1 Wkh fdslwdo vwrfn lv �{hg lq

wkh vkruw uxq1

+d, Vkrz wkdw xqghu shuihfw frpshwlwlrq wkh sdudphwhu � fruuhvsrqgv wr wkh qdwlrqdo lqfrph

vkduh ri zdjhv1
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+e, Ghulyh wkh vkruw0uxq oderxu ghpdqg dqg jrrgv vxsso| vfkhgxohv/ erwk lq ohyhov dqg lq

whupv ri uhodwlyh fkdqjhv1

+f, Zkdw duh wkh zdjh hodvwlflwlhv ri oderxu ghpdqg dqg wkh vxsso| ri jrrgvB

Txhvwlrq : I

Zh fdq irupxodwh wkh iroorzlqj fodvvlfdo pdfurhfrqrplf prgho ri d forvhg hfrqrp|=

\ @ F+\ � W , . L+U� �, .J> 3 ? Ft3A ? 4> L-3Z ? 3> +4,

P@S @ o+\>U,> ot A 3> o- ? 3 +5,

Q( @ Q(+Z@S> �N,> +6,

Z@S @ j+Q7,> j� A 3> +7,

Q( @ Q7 ^� Q ` > +8,

\ @ I +Q> �N,> +9,

zkhuh \ lv djjuhjdwh rxwsxw/ F lv frqvxpswlrq/ W lv wd{hv/ L lv lqyhvwphqw/ U lv wkh qrplqdo

lqwhuhvw udwh/ � lv wkh dqwlflsdwhg lq dwlrq udwh/ J lv jryhuqphqw frqvxpswlrq/ P lv wkh

prqh| vxsso|/ S lv wkh sulfh ohyho/ Q lv oderxu/ dqg Z lv wkh qrplqdo zdjh1 Wkh hqgrjhqrxv

yduldeohv duh \ / S / Q / U/ dqg Z 1 H{rjhqrxv duh �/ J/ dqg �N1 Whfkqrorj| ihdwxuhv frqvwdqw

uhwxuqv wr vfdoh1

+d, Lqwhusuhw wkh htxdwlrqv1

+e, Zkdw duh wkh h�hfwv ri dq dgyhuvh vxsso| vkrfn/ sur{lhg e| d idoo lq wkh fdslwdo vwrfn/

rq wkh sulfh ohyho/ wkh uhdo zdjh/ hpsor|phqw dqg rxwsxw1

+f, Zk| gr �vfdo dqg prqhwdu| srolf| qrw d�hfw hpsor|phqw dqg rxwsxwB

+g, Zkdw duh wkh h�hfwv ri d �vfdo dqg d prqhwdu| h{sdqvlrq rq wkh sulfh ohyho dqg wkh

lqwhuhvw udwhB

+h, Fdq |rx wklqn ri fodvvlfdo fkdqqhov e| zklfk ghpdqg0vlgh srolflhv gr d�hfw hpsor|phqw

dqg rxwsxwB


