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A.1 Introduction

In the text of the paper we refer on several occasions to this appendix. The following results are
proved in this appendix (plus many other things). Note that the proofs do not appear in this
appendix in the same order they are referred to in the text.

e Result 1. The jump in X(0)

Result 2. Welfare effects without bond policy

Result 3. Proof of Proposition 1

Result 4. Egalitarian bond policy

Result 5. Proof of Proposition 2

A.2 The two-stage solution method

The optimisation problem faced by the representative consumer can be solved in two stages. In
stage 1 the dynamic problem is solved. This yields a path of full consumption, X(v,7). In
stage 2 the static allocation problem is solved. First, full expenditure is allocated between its
components C(v,7), Z(v,7) and L(v, 7). Then C(v,7) is allocated over the different varieties of
the differentiated product, C;(v, 7).

A.2.1 Stagel

Define the ideal cost-of-living index in period 7 as Py (7):

Py(T)U(v,7) = X(v,7), (A1)
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where U(v, 7) and X (v, 7) are defined in the text (see (2) and (7), respectively). In the first stage
the following optimisation problem is solved.

Max h logU (v, 7)) ele+D =) g7
ofex [ legUlv,7)

subject to: dA((;;_’ 7) =(r+8)A(v,7) + W(r) = T(1) — Py(1)U(v, 7).

This leads to the following first-order conditions:

U(;’T) — A, P)Pu(r), (A2)
dAS}T’T) = (a—7)A\(v,7), (A.3)

where A(v, T) is the co-state variable of the flow budget identity. By combining (A.2)-(A.3) we ob-
tain (8) in the text. The integrated (life-time) budget restriction (with a NPG condition imposed)

is:

A(v,t) + H(t) = /too Py (m)U (v, 7)elm A=) qr — /too Av, ) LelrtA =T gr. (A4)
where H(t) is:

H(t) = /too (W (r) —T(1)] A7) gr, (A.5)
From (A.3) we observe that A\(v,7) = A(v,t)el"~®{=7) Using this in (A.4) yields:

(a+ B) [A(v,t) + H(t)] = 1/A(v,t) = X (v,t).

Full expenditure is a constant proportion of total wealth.

A.2.2 Stage 2-a

Full expenditure X (v,t) is now allocated over C(v,t), Z(v,t), and 1 — L(v, t).

Max Uw,t) = [C,t)°Z(v, )" %" [1 = L(v,t)]*"
oo o ) [C(v,t)°Z(v, ) °] " [1 = L(v, )]
subject to X (v,t) = P@)C(v,t)+ (1 +tp)Z(v,t)+W(t)[1— L(v,1)].

Straightforward calculations yield the expressions given in (9a-c) in the text. By substituting these
expressions into the sub-utility function U(v,t) (defined in (2)) and noting (A.1), we recover the
expression for Py (t):

o= (20 ()™ ()

A.2.3 Stage 2-b

The agent now chooses C;(v,t) such that the following static maximisation program is solved:

N(#) " N(¢)
Max C(v,t) = Ci(v,t)Y/"|  subject to P,(t)C;(v,t) = P(t)C(v,1).
Qs Cw =13 Ciled ject to 3 P)Ci(v:1) = POC(,




Straightforward manipulation yields the demand functions for the domestically produced varieties
of the differentiated commodity by the agent of vintage v:

Ci(v,1) _ (m))"“’“ﬁ (A7)

By substituting (A.7) into (3) the expression for P(t) in (4) is obtained.

A.3 The optimisation problem for a representative firm

The representative firm 4 aims to maximise (14) subject to the demand restriction and the pro-

duction function (13). Profit is defined as follows.
I;(t) = (1 + sp) Pi()Yi(t) — W(t)[kY:(t) + £,

where Y;(t) = C;(t) + E;(t) is the price-elastic demand facing firm ¢. The first-order necessary
condition is:
OTl;(t)
OP;(t)

_ mW()k

where the mark-up is p,(t) = €;(t)/[e;(t) — 1] and €;(¢) is the (absolute value of the) price elasticity
of demand:

_ RO _
“O="Vmorw n-T (48

where the last equality is obtained by using (10) and (12). In view of (A.8) the markup is constant
and equal across firms: p; = 7 for all active firms i.

A.4 Aggregation

Equation (T1.8) is obtained as follows. In the symmetric equilibrium all active firms charge the
same price and produce the same amount, i.e. Y; =Y and P; = P so that Y = NPY. Equation
(4) implies P = N'="P so that:

Y/P = N"Y. (A.9)

Furthermore, (13) and the zero profit condition imply that kY + f = L = nkY. Aggregation over
all active firms yields NY = L/(nk), where L = NL is aggregate labour supply. Solving for the
number of firms yields:

N = L/(nkY) (A.10)

By combining (A.9)-(A.10) we obtain Y/P = Q¢L" and N = [(n — 1)/(nf)]L, where Qp =
E=tn=((n —1)/f)"=* > 0. Preference for diversity thus causes aggregate real output (expressed
in terms of the home good) and the equilibrium number of firms to exhibit, respectively, increasing
and constant returns to labour.



A.5 Construction of the phase diagram

The construction of the phase diagram (Figure 1 in the text) proceeds as follows. First we use
equations (T1.3), (T1.7) and (T1.8) to summarize labour market equilibrium (LME):

f(L) =201 = L)L ! =, (A.11)

where 2 = X/ P is full expenditure expressed in terms of the domestic price index and zp is defined
as:

(1 + S p)QO
1—v
It follows from (A.11) that f(L) has the following first- and second-order derivatives:

zZ0 =

(A.12)

1-L
P =2 o= (F75) <1 == -n -2 A
We are interested in the properties of f(L) in the economically meaningful interval 0 < L < 1.
Clearly, f(1) =0 but f(0) depends on the magnitude of 1 — 1:

f(O){ ;’Z)O P n{ i }1. (A.14)

Finally, for n =1, f(L) is downward sloping but for n > 1 we have:
-1

In summary, the function f(L) is as drawn in the top panel in Figure A.1. (In that figure we
assume that 1 <7 < 2 so that f”(L) < 0 in the feasible region). If n = 1, then f(L) is the dashed
line from zg to point d. If the diversity effect is operative (n > 1) then f(L) is the solid line
from the origin (point e) through a, ¢, and b to point d. For L = Lyun, « reaches its maximum
value (2pax) consistent with labour market equilibrium. Now consider what happens if z = zg.
Both points a and b are consistent with labour market equilibrium. In the bottom panel of Figure
A.1 labour demand (equations (T1.3) and (T1.8) combined) and labour supply (equation (T1.7))
are depicted by, respectively, L and L°(zo) (supply depends on xg through the wealth effect).
Labour demand slopes upward because of the diversity effect. It would appear that there are
two suitable equilibria but it is shown below that the labour market equilibrium in point a is
unstable. Hence with an operative diversity effect the feasible range of labour market equilibria
is L € (Lmvin, 1] and thus z € [0,2max). In terms of Figure A.1 this amounts to selecting only
the employment solution on the downward sloping segment of the f(L) function. In terms of
parameters used in the linearized model the feasible region for L can be rewritten as:

0< (n—l)wLL < ]., (A].G)

where wyr, = (1 —L)/L.

The upshot of the discussion so far is that equilibrium employment can be expressed as a
unique function of x and zg, i.e. L = L(x, z) with L, = dL/0x < 0 and L,, = 0L/0z > 0. By
substituting this relation in (T1.8) and also using (T1.4)-(T1.5) we get the expression for goods
market equilibrium (GME):

QoL(x, z9)" = véx + EgP~°", (A.17)
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Figure A.1: Labour market equilibrium



where the left-hand side is aggregate supply of domestic goods and the right-hand side is de-
mand for domestic goods consisting of demand by residents plus demand by foreigners (exports).
An increase in x lowers supply, raises demand by residents and thus—to restore goods market
equilibrium—exports must fall, i.e. P must rise. Recalling that + = X/ P, this reasoning shows
that the terms of trade can be written as a unique function of X and zg:

P = P(X, z) (A.18)

which has the following partial derivatives:

_ oP _ QonLnfle — b
= X QoL L, — 8] — o7 BgP—o7 0, (A.19)
P QoPnL" 'L,
r, = 2 il 0 <0. (A.20)

92 T [QonLn 1L, —~vé] —opEgP—or

Finally, by using this expression in combination with (T1.6) and (T1.9) we obtain the following

expression for the trade balance:

TB = TB(X, 29, tp) = EoP(X, z)1 797 — 21 =9) X, (A.21)
1+t
with the following partial derivatives:
_ JTB or (1 -9)
TBx = i (o7 —1)EgP~°" Px 1t <0, (A.22)
TB
TB., = 8820 =—(op —1)EyP TP, >0, (A.23)
TB 1-6)X
8, = 2B _201=9X (A.24)

Otas (1+ta)?

We can now describe the equilibrium dynamics. Equation (T1.1) describes the dynamics of
full expenditure. The X = 0 line is given by (r — a)X = B(a + B)[F + B] which is a straight line
through the origin (since B = 0 initially) with a positive (negative) slope for a creditor (debtor)
country with » > a (r < «). For points to the right (left) of the X = 0 line X falls (rises) over
time. This has been indicated with vertical arrows in Figure 1.

Equation (T1.2) in combination with (A.21) describes the dynamics of net foreign assets. The
F = 0 line is given by rF' = —TB(X, zg,t);) and slopes upwards because TBx < 0. rFyun =
—TB(0, z9,tar) is the lowest possible level of net foreign assets and the F =0 line has been drawn
as a straight line for convenience. The dynamics follow from OF /0X = TBx < 0i.e. for points
above (below) the F' = 0 line, net foreign assets are falling (rising) over time. This has been
indicated with horizontal arrows in Figure 1.

The model is saddle-point stable for both cases. For the creditor country (r > «) the steady
state is associated with positive net foreign assets. In contrast, for the debtor country (r < «)

steady-state net foreign assets are negative. In both cases the saddle path is upward sloping.

A.6 Model Solution

For both cases admitted by the model there is a regular saddle-point stable equilibrium. In the
paper we study the comparative dynamic properties of the model by loglinearizing it around an
initial steady state-see Table A.1. We use the following notational conventions. A tilde (‘™)



above a variable denotes its rate of change around the initial steady-state, e.g., X t)=dX(t)/X.
A variable with a tilde and a dot is the time derivative expressed in terms of the initial steady-
state, for example, X () = X(t)/X. The only exceptions to that convention refer to the tariff,
the product subidy, the various financial assets, and the trade balance: EM = dip /(1 + ta),
§p=dsp/(1+ sp), B(t) =rdB(t)]Y, B(t) =rB(t)/Y, F(t) = rdF(t)/Y, F(t) = rF(t)/Y, and
TB(t) =dTB(t)/Y.

In order to solve the loglinearized model, it is useful to first condense the static part of the model
as much as possible. By using (TA.3)-(TA.9) in Table A.1, the change in real national income
(Y (t) — P(t)), employment (L(t)), the terms of trade (P(t)), and the trade balance (ﬁ(t)) can
be written in terms of the state variable (X (t)) and the policy variables (£5; and 3p):

V) - Pt) = nl)=—(6—1) [(X(t) - P®) -], (A.25)
Py = (1-QX() - (<ﬁ;w2<> i, (A.26)
TB(t) = —[(o+wr]X(t)+ (¢ 1)Edp + (wp +wx) far, (A.27)

where ¢, ¢ and £ are defined as:

_ OTWwx _ or —1
, 0<C:—¢+WX(O'T*1)<1’ O<§( o7 >§<1,

1+wrrp
14+wrn(l—mn)

o= >1

and where we have incorporated (A.16). Note that equations (A.26) and (A.27) are the loglin-
earized versions of, respectively, (A.18) and (A.21). The expression for the loglinearized true price
index (Py(t)) follows in a straightforward fashion from (A.6):

Py(t) = 46P(t) + (1 — 8)tar + (1 — y)W(2). (A.28)

By using (TA.1), (TA.2), and (A.27) the dynamical system for net foreign assets and full
expenditure is obtained:

F(t)

X(t)

+

vx (1)

Yp(t) ] , (A.29)

where the Jacobian matrix of coefficients on the right-hand side (denoted by A with typical element
i), is defined as:

A= l r (ot wr) ] . (A.30)

—(r—a)/wp r—a
The vectors of forcing terms is given by:

vpt) | | r(wx Fwr)ty +r(d—1)EEp
[ vx () 1 a l —[(r — @)/wr] B 1 (A.31)

The determinant of A in (A.30) is easily computed:
Al = —r(o (ﬂ> <0. (A.32)
wp

The sign is derived as follows. First, we know from section A.5 that (r — a)/wp > 0. Saddle-
point stability requires |A| < 0. It follows from equation (A.32) that ¢ > 0 is a necessary and



Table A.1: Log-Linearized Version of the Model

X(t) = (r = )X () = [(r - a)/we] [F(t) + B] (TA.1)

P R(t) = F(t) + TB(t) (TA.2)
Lt)=Y(t) - W(t) +5p (TA.3)

Y(t) — P(t) = (1 —wx)C(t) — orwx P(t) (TA.4)
Ct) + P(t) = X(t) (TA.5)
2(t) = X(t) — in (TA.6)

I(t) = wrr [W(t) - )“((t)] (TA.7)

Y (t) — P(t) = nL(t) (TA.8)
TB(t) = — (o0 — Nwx P(t) — (wx +wr) Z(t) (TA.9)

Shares:

wrr = (1 — L)/L, leisure/work ratio.

wp = rF/Y, share of asset income in national income.
wx = EgP'=97 /Y, share of exports in national income.
Notes:

(a) We assume that B = 0 initially.

(b) Relationship between shares: wp +wx = Z/Y > 0.

sufficient condition for saddle point stability. It follows from the definition of ¢ that this holds iff
wrr < (n—1)71 i.e. (A.16) must hold. In that case we have ¢ > 1 and ¢ > 0 so that |A| < 0.
The characteristic equation of A, g(A\) = |AI — A|, can be written as follows:

g = A+ AN = X)) = A2 — (2r — ) A — (o (T — O‘) . (A.33)

WE

The roots, —\; and A9, are the solutions to g(A) = 0 in (A.33). It is straightforward to verify that
—X1 <0 and Az > 0. Indeed, by using (A.33) the following expressions and inequalities for —\;
and A9 can be derived:

rép(r —a)\ M2

AL = %(27"—@ [1—(14—%) ]<07 (A.34)
)\ 2

Ao = %(2r—o¢) 1+(1+%> ]>2r—o¢>0. (A.35)

Obviously, in view of (A.33) (or, equivalently, (A.34)-(A.35)) we have that Ay — A\; = 2r — .t
The proof of Ay > r proceeds as follows. The characteristic equation g(\) has two roots

(9(—=M1) = g(A2) = 0) and satisfies g(0) = |A| < 0 (by saddle path stability) and ¢’(A2) > 0 (by

(A.35)). Hence, to show that Ao > r we must show that g(r) < 0. By using (A.33) we get:

olr) =1 = (r =y =6 (2 = = (52 (wr + o) <0,

Wp

1'We only consider the case of a moderately impatient country, i.e. a < 2r.



where (wp + (¢) > 0 follows from:
wp+Cp=E6p+ (1 - uwx +wp =¢§(¢—wx) + (wp +wx) >0,

as ¢ > wx and wr +wx > 0.

A.6.1 Long-run results

The long-run effects on the state variables of permanent shocks in the import tariff (5;), the

product subsidy (§p), or the level of government debt (B) can be computed from the steady-state

version of (A.29). After some manipulation the following expression is obtained:

)i((:)) ] - lwlF ] <%> far ¢ wlF ] (%) °
id’“’F %. (A.36)

In section 3 of the paper we abstract from bond policy and keep the product subsidy constant.

By substituting §p = B =0 in (A.36) we get the results for section 3 of the paper. In section 4.4
we assume that egalitarian bond policy is used. Hence, the results for that section are obtained
by substituting in (A.36):

N ~ Wpt+wx ~
=0, B= (228X i A.37
o0, b= (0 (A31)

A.6.2 Impact results

The impact results are obtained as follows. By taking the Laplace transform of (A.29) we obtain
the following expression:

L{F,s}
L{X, s}

— €{7F75}
X(0)+ L{vx,s} |

where we have used the fact that the stock of net foreign assets is predetermined (i.e. F(0) = 0),
and where A(s) = sI — A, so that |[A(s)] = (s + A )(s — A2). By pre-multiplying (A.38) by
adj(A(\2)) we obtain the initial condition for the jump in full expenditure:

L{F 2o} | _ | le=(r—a) —r(Ch+wr) |
L{X, A} | —(r—a)/wr (A2 —1)

[ Ll o) ] — [ 0 ] . (A.39)

A(s) (A.38)

adj(A(A2)A(N2)

X(0) + L{vx, Ao} 0
Since the characteristic roots of A are distinct, rank(adj(A(A;))) = 1 and there is exactly one
independent equation determining X (0):
T

X(0) =~y do} + (ﬁ)cm, Aol (A.40)

All results reported in the paper are based on the assumption that the shocks to the tariff, the
product subsidy, and government debt are permanent and unanticipated. This implies that the
Laplace transforms for these shocks take the following form:
B

S

L{EM,S}:%, Clsp.sh =L, L{Bs)= (A.41)



By using (A.31) and (A.41) in (A.40) the jump in full consumption can be computed:

100 = (S0) [(5555) (r +emi+ 0= ese) + 5] (A42)
_ (%>t+ (%) 5t <:;§> 5 5], (A.43)

where B* is:
B = (22 ) ox +wniu+ 0= )] (A44)

By setting B = §p = 0 in (A.42)-(A.44), the results for section 3 of the text are obtained. It also
follows in that case that:

sgn [X(oo) - 5((0)} = sen <<’" };&F— t;’“) far = sgn(wr), (A.45)

where we have used the fact that Ay > r.

A.6.3 Transition results

Since the shock administered at time ¢ = 0 is permanent and unanticipated, the transition path

of the state variables has the following form:

(t) _e,\ltl ~0
X(0)

F
~ + 1— e*klt
where \; is minus the stable root of A which represents the transition speed in the economy.

F(c0) 1 , (A.46)

These expressions are found in the Appendix of the text.

A.7 Welfare Analysis

The welfare implications of the policy shock can be derived in the manner suggested by Judd (1982,
1998). The optimum utility level of the representative agent of vintage v at time ¢ is denoted by

A(v,t):
A(v,t) = /OO log[X (v, 7)/ Py (7)]eletA =) g7 (A.A47)

The Euler equation for the household, X (v,7) = (r — a)X (v, 7), implies that:
X(v,7) = X(v,t)el=0=8) 4 > ¢ (A.48)

Substitution of (A.48) in (A.47) yields:

r—a ©0
aul _m+/f [log X (v, 1) —log Py (7)] e**P " ar

= Ax(v,t) — AD(t),
where:
r—a log X (v,t)

_ _ [ (ot B)(1-7)
Ax(v,t) EEIE + P Ap(t) K log Py (7)e dr.

10



The change in utility is calculated as dA(v,t) = dAx(v,t) — dAp(t), with:

1 dX(vt)  X(v,t)
W) = TR  atp

dAp(t) = / By (r)eletP =) g,
t

The Laplace transforms of dAp(t) can be written in the following form:

L{Py,a+ B} — L{Py, s}
s —(a+0) '

We now need to distinguish between generations that are alive at the time of the shock (v < 0)

L{dAp, s}t = (A.49)

and future generations including the newly born (v =t > 0).

A.7.1 Existing generations (v < 0)

Existing generations are born before the policy shock occurs and have a negative generations
index, v < 0. For an individual we have that X (v,0) = (a + 8)[A(v,0) + H(0)], so that:

X(v,0) = [1 — ag(v)] A(v,0) + az(v)H(0), with ag(v) = (A.50)

where A(v,0) = dA(v,0)/A(v,0), X(v,0) = dX(v,0)/X (v,0), and H(0) = dH(0)/H(0). Aggre-
gate total consumption satisfies X (0) = (a + 3)[A(0) + H(0)], so that:

X(0) =1 —wn] A(0) + wp H(0), withwp = %

where A(0) = dA(0)/A(0). In the steady-state we have that X (v,0) = X (v,v)exp[—(r — a)v],
implying:

(a+B8)[A(w,0) + HO)] = (a+ I@)H(O)e—(f’—a)v

= ay(v) =Y,

Furthermore, we know that A(v,0) = A(0) for v < 0, i.e. the rate of change in the value of
individual assets equals the rate of change in the value of aggregate financial wealth. Combining
these equations, (A.50) is written as:

X(0,0) = A(0) + [an (v) fwn] [ X(0) = A(0)]
Next, it follows from (A.49) that:

dAp(0) = lim sL{dAp, s} = L{Py,a+ ).
The effect on welfare for existing generations (v < 0) can thus be written as:

(a+ B)AA(v,0) = A(0) + [ fwp| [X(0) = A©O)] = (a+ B)L{Pu,a+ B}, (A51)
where the change in the value of financial assets that occurs at impact can be written as:

A(0) = B/wp. (A.52)

11



Note that in a debtor nation, 7 < a and ay(v) = e("9? goes to infinity for very old gener-
ations (i.e. as —v gets large). Intuitively, agents follow a downward sloping time profile for full
expenditure in that case. Extremely old generations (of which there are only very few left) have
a full expenditure level close to (but greater than) zero, i.e. X(v,0) ~ 0 and —F(v,0) ~ H(0) for
these generations. Given the logarithmic felicity function, a marginal change in full expenditure
results in an infinitely large change in felicity. Note also that there is a subtle problem if a policy
shock were to cause a fall in human wealth at impact. If that were to happen, extremely old
generations would have negative net worth, i.e. they would have to default on their foreign loans.
In the scenarios studied in the paper, however, human wealth rises at impact so that default by
old generations does not occur.

A.7.2 Future generations (v =1t > 0)

The utility change for future generations is evaluated at birth, i.e. we compute dA(v,v) for
v =1t > 0. First, we know that agents are born without financial wealth, A(v,v) =0, so that:

X(v,v) = (a+B)Hw) = X(v,v) = H(v).

From the aggregate counterpart, X (v) = (o + 8)[F(v) + B(v) + H(v)], an expression for H(v) is
obtained:

wif () = X (@) =~ (1= wn)/wr] (F) + B)).

The change in welfare of future generations (v =t > 0) is rewritten as:

(o DaA) = Kov0) — (o ) AL LA Ps) (A.53)

The Laplace transform of Py (t) takes the following form:
~ _ Py(0) = Py(o0) | Py(oo)

L{Py,s} = p—w t— (A.54)
This implies the following results:

L{Py,a+ B} = L{Py,s} (1Y . = 1 1 Py(0) = Py(o0)

—(=)cip e .
s—(a+5) s {Pu, a+ 6} s s+ XM\ a+ B+ M
(A.55)

Hence, the terms in square brackets in (A.53) can be written as weighted averages of the initial
and long-run effects of the respective variables. Since the paths of the variables themselves take
the same form, it follows that utility can also be written in terms of weighted impact and long-run
effects. Indeed, by using the solution paths for X (t) and F(t), as well as (A.55) in (A.53), we
obtain the following expression for dA(t,t):

dA(t,t) = e M'dA(0,0) + [L — e *] dA(o0, 00), (A.56)

where dA (oo, 00) is given by:
(a+ Bik(oo00) = S Mool g (o)

= X(o0) — Py(o0), (A.57)

where we have used the steady-state version of (TA.1), X(co) = A(c0), in the final step. This
establishes Result 2.

12



A.8 Egalitarian bond policy

In order to prove Results 3-5, it is useful to first compute the allocation and welfare effect in the
presence of bond policy and a shock in the product subsidy. By working out the most general case
first, the various results to be proved can be obtained later as special cases.

The general expressions for the impact effects are given in (A.42)-(A.44). By using (A.26) in
(A.43) we obtain:

£(0)— P(0) — (%) (s + <(¢ e — f”) G+ (C(—a)> 5-5].

The most general long-run results, given in (A.36), can be rewritten by making use of (A.26) and
(A.44):

Floo) = <°”F€—;<¢> (57— 5], (A.59)
X(00) — P(c0) = <%> i + (((b(w;)iwgd);;xx)) G+ | BB (a0

A.8.1 Removing transitional dynamics

It is clear from (A.58), (A.59) and (A.60) that impact and long-run results coincide for the re-
spective variables if the bond policy takes the form B = B*, i.e. X(0) — P(0) = X(00) — P(c0)
and F(0) = F(co0) = 0 in that case. Since all transition in real full expenditure is eliminated, the
same also holds for the other variables. Indeed, by substituting the time-invariant value of X (t)
resulting from B = B* in equations (A.25)-(A.26) we obtain:

7o -p) = it - (LL) (A.61)
i |fox +wpiyy - (Tt R Deen) 5
W) - P(t) — (”T_l> V() - P(0)] + 50, (A.62)
oroxPt) = (6 -wx) [X() - PO)] ~ (6 Dip
= (Lo 6wt — (6= D] (A.63)

for allt > 0.

A.8.2 Eliminating all intergenerational inequity

It is straightforward to show that a bond policy of the form B = B* not only removes transitional
dynamics in the macroeconomic variables but also eliminates all intergenerational inequities. The
welfare effect on existing generations is given in (A.51). By using (A.52) and (A.43) and imposing
B = B* (from (A.44)) we derive that the generation-specific term in (A.51) vanishes:

X(0) — A(0) = X(0) — B* Jwp = 0.

13



Hence, all existing generations are affected by the shock in the same manner, ie. dA(v,0) =
dA(0,0) for all v < 0.

For future generations including newborns (v = ¢ > 0) the welfare effect is given in (A.56). It
is straightforward to show that dA(t,t) = dA(0,0) for all ¢ > 0. In view of (A.56), all that needs
to be done is to show that dA(0,0) = dA(co, 00):

(a+ B)dA(0,0) = X(0,0) — (a+ 8)L{Py,a+ G}
X(0) = (a+ B)L{Py,a+ B} = X(00) — Py(c0)
= (a+ B)dA(co, ),

where we have used X (0,0) = X(0) in the first step and Py(0) = Py(co) as well as equation
(A.54) in the second step.

We have now demonstrated that with the suitable bond policy, B = B*, all generations
experience the same change in welfare, i.e. dA(t,t) = dA(v,0) = dA. To evaluate the common
welfare effect on all generations, it suffices to evaluate dA(co, 00). First we note that (A.57) be

rewritten as follows:

(a+ B)dA (00, 00) = | X (00) = P(oc)| = [ Pu(o0) = P(o0)] - (A.64)
Next we deduce from (A.28) that:

Piy(o0) = P(00) = 4(1 = 8) |ar = P(00)| + (1 =) [W(o0) = P(o0)| (A.65)

By using (A.60), (A.62), (A.63), and (A.65) in (A.64), and imposing B = B*, we obtain the
required expression for dA:

(a + ﬁ)d/\ = q)P(t]\,{, SP)§P + q)]\,{(t]\,{, SP)E]V[, (A66)

where ®p(.) and Py, (.) are defined as follows:

U(¢p— 1) (wp + orwx) opwx +(1-6)(1 —wx)
Op(tu,sp) = (@r + Ch)oreox +7 ( P > —-¥, (A67)
_ W(wrtwx)
Qs (tar,sp) = “(wr+30) (1 —96), (A.68)
where VU is defined as follows:
_ _5 (2 wx _ (=t
¥ o= 100 (L) a1 ()
= 1+~(1-9) <1;CC> +(1—=7)(p—1) (UT_1> > 1. (A.69)
By combining (A.67)-(A.68) we can derive a useful expression relating @ ,;(.) and ®p(.):
- (rTwX(l — 5)
Q)]\J(tjw’ SP) + ’Y(l B 6) N (O’TWX + (1 — 5)(1 — wX) + dwx [((TT — 1)(1 + t]\,{) — O’T]>
x {7 (”T“’X +1 -8 “’X)> — Dp(tar, sP)} . (AT0)
orWx

This establishes Result 4, the computation of the egalitarian bond policy.
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A.8.3 Optimal tariff and product subsidy

In order to establish Result 5 we now prove that that @/ (tar,sp) = @p(tar,sp) = 0 for tyy =
1/(cr — 1) and sp = n — 1, i.e. in the first-best egalitarian optimum, the policy maker uses tys
and sp in order to set dA = 0 in equation (A.66). First, we set ®ps(tpr,sp) = 0 in (A.68) and
solve for W¢ which we then substitute into (A.67):

op — W06 Dlrtore) o o (¢—1>_(1_w [1+<¢—1> <n7—1>}

orwx(wx +wp) oTWXx

A1 -8@ - Dor — 1)~ (1= Yorwx +wr) [1 +(@-1) (1’2—1)} AT]
= or(wx +wr) . AT

The expression in (A.71) can be further simplified by noting that wp, wx, and wy can all be
written in terms of the primitive parameters 7, ¢, 6, and the pre-existing tariff and product subsidy,
ty and sp:

_wLL(1+SP)’)/6 (25*1 (176)(17(4]){)

wx T YT Tty X Ter (1+ta)0 (A.72)

After some manipulations we obtain:
op = <M> or—1)—o <1+sp> 1+ (-1 (552)
T Vorlextwr) ! "\1+tu L+ ¢(n—1)

(o) (5 ) aron = (55)
— <WT(71(1H3)(£X i)wF)> lor(n—1—sp)+nl(or —tn —1]], (A.73)

which shows that ®p =0 for t3y =1/(opr — 1) and sp =7 — 1.
Next, we use ®p(trr,sp) = 0in (A.67) and solve for W¢ which we then substitute into (A.68):

orwx (wx +wp) [’7(1 —6) (ﬂ) +(1=7) (1 +@-1) (ﬂg_l))]

G- Dor Toron) A
—wx [1(1=8)(6 = D(or 1) = (1 = Nog(wx +wr) (1+ (6 -1) (52))]
(¢ — )(wp +orwx)
—v(1 = 8)orwx or—1 1+sp
(1+ZM)(WF+UTWX) [( or >(1+tM)_< n ﬂ
_ (W(WF;’Y(E';;);S));X+ tM)> lor(n—1— sp) +7[(or — Diar —1]], (A.74)

which shows that ®,; =0 for tjy = 1/(or —1) and sp =n — 1. Tt follows from (A.73) and (A.74)
jointly that t§, =1/(op — 1) and sk = n — 1. This establishes Result 5.

Dy

A.8.4 Kbnife-edge case

The results for the knife-edge case, discussed in section 4.1 of the paper, are obtained by setting
wp = 0 in the relevant expressions appearing in the previous subsections. We first note that for
wp = 0 we have:

_ 1-¢ _ (0(1+tar)
wx = 1+6t]w, 1 —WwWx = < 1-6 wx, (A75)
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so that (A.70) simplifies to:

1-6 th —tn
Dyt = — S 2L —M) Pyt . A.
M( M,SP) <1+6tM> {’Y < 1+t§1 P( M,SP) ( 76)
Equation (A.67) can be simplified to:
Bp(tarsp) — < (1 — 7)1 + 6tw) >
' (17’)/)(1+t]\,{)+’Y(1+Sp)(l+6t]u)
1-46 t]u—tff Sp—Sg
- . A.
X[<1+6tM>(1+tﬁ 1+s8 (A7)
By combining (A.76) and (A.77) we obtain the expression for @ (tar, sp):
y(1—9) (1—)(1—8)n ta —thy
B s (tar, = - 5+
A[( M SP) (1—|—(5t]\4 (].—'y)(l+t]V[)+’Y(1+SP)(1+6t]V[) 1+t5[

119 (L= 7)(1 +6tu) .
' (1 * &M> <<1 — )+ tar) + (1 +sp)(1+ (sm,n) S

Apart from a trivial redefinition of ®,,(.) this is the expression found in the text.

A.9 Intergenerational welfare effects

We now compute the intergenerational welfare effects for the case without bond policy and with
a constant product subsidy (i.e. §p = B = 0 in this subsection). We derive from (A.26) that
P(t) = (1 — {)X(t) so that:

X(t) — P(t) = CX(t). (A.78)
By using (TA.3), (A.25), and (A.78) we derive the following expression for real wages:

. . —1\ -

W)= () =~ (6 - 1) (=2 ) X0, (A79)

Finally, using (A.26) and (A.79) in (A.28) we get the following expression for the true price index

in real terms:

Py(t) — P(t) = v(1 = 6)tm — (¥ — 1) (X (2), (A.80)
where U is defined in (A.69) above. It follows from (A.45) and Figure 2 in the text that:

sgn [ X(00) = X(0)] = sgn(r — o) = sgn(wp) (A.81)
Using (A.81) in (A.80) yields the conclusion that:

sen [ (P(00) = P(oc)) = (Pu(0) = P(0))] = —sen(wr).

A.9.1 Existing generations

By using (A.51)-(A.52) and setting B = 0, the welfare effect on extremely old existing generations
can be written as follows:
*(Oé+,8)£{f’[;,a+ﬂ} for r > «

(a4 B)dA(—00,0) = .
(X(O)/wH) lim e~ Y — (a+ B)L{Py,a + B} = +oo forr < a

(A.82)
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By using (A.80) and (A.26) we derive:
Py(t) = y(1 — 8)fa + (1 — V) X (2). (A.83)

Using (A.54) and (A.83) we derive:

@ metiats) = () o+ () o)
= (1 -8ty + (1 - W) (a+B)L{X,a+ B} (A.84)

where £{X,a + 3} satisfies:

rmifo+s) = (i) X0+ (55 ) K

at+ B+ M a+ B+ XN
_ A(r + B+ A1) wrtwx \ »
- ((Az—r><a+ﬁ+m>< o >tM>0- (A.85)

It follows from (A.85) (and indeed from Figure 2 in the text) that £{X,a + 3} > 0 regardless of
the sign of wp. Hence the sign of ,C{f’U, a+ B} depends on the sign of (1 — ¥(¢). It follows from
(A.69) that:

1w 1= -9 -0 +a-mce-n ()] (A.56)

The cases discussed in footnote 15 of the text are proved as follows. Both if v = 1 (exogenous
labour supply) and if 7 = 1 (no diversity effect) it follows directly from (A.86) that 1 — ¥(¢ =

(1=Q=~(1-8)]>0.

The welfare effect on newborns at the time of the shock can be written as follows:
(e + B)dA(0,0) = (1/wr) X (0) = (a+ B)L{ Py, a + 5}, (A.87)

By comparing (A.82) and (A.87) it follows that:

dA(0,0) — dA(—o0,0) = (&) {1 ~ lim e(T“)U] { >0 forr>an ) g

(a+ B)wn v——o0 =—00 forr<a
where we have used the fact that X (0) > 0 regardless of the sign of wp.

A.9.2 Future generations

Equation (A.57) shows that the welfare effect on generations born in the new steady state can be
written as follows:

(a+ B)dA(c0,00) = X(oo) - ]5[;(00)
= [X(00) = P(o0)| = |Pu(o0) — P(o)
= W(X(00) — (1 — &), (A.89)

where we have used (A.78) and (A.80) in going from the second to the third line.
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A.9.3 Proof of Proposition 1 (iii)

We prove part (iii) of proposition 1 by expressing dA(—o0,0) and dA (oo, 00) in deviation from the
egalitarian utility change m which would be obtained if an egalitarian bond policy were used. In
particular we show that:

(a+ ) [dA(=00,0) —71] = T [é - B*} , (A.90)

(a+ B) [dA(co,00) — 7] = —W/g [B - B*] , (A.91)
where B* is:

e [WE +wx w ~

B* = (7WF+¢C> thvj, (A92)

and we keep sp constant (§p = 0). We first show how (A.90)-(A.91) can be obtained from,
respectively, (A.82) and (A.89). Then we complete the proof of Proposition 1(iii) by demonstrating
that ' > 0 for » > a. (For r < «, dA(—00,0) — oo and, since dA(o0, 00) is finite, it is obvious
that dA(co, 00) < dA(—00,0)).

We first note that X (0) and X (co) can be written as:

~ < AN
X0) = X"+ (wF&) [B B ] , (A.93)
() = X+ (i> -5, (A.94)
Cop
where X* is the effect on full expenditure under the egalitarian policy:
~ wrp +wx \ ~
X =—=)tm. A.95
( wr +G¢ > " (4:99)

In deriving (A.93) we have used (A.43) and (A.92) and for (A.94) we have used (A.60), (A.78),
and (A.92). Tt follows that the Laplace transform for X can be written as:

(a+B)L{X,a+ B = (“—”) X(0) + (L> X (0)

a+ B+ M\ a+ B+ M
o a+ 0 r—a) A 1 5
= () G) - ) ()| B 7
e (MlatBor) Nis s
- X +<7’C¢(a+6+>\1)>[3 B}. (A.96)

The egalitarian policy is such that all current generations enjoy the same utility change, i.e.:
By using (A.84), (A.96) and (A.97) in (A.51) we get the expression for the common welfare change:

(a+ B)dA(=0,0)* = B*Jwp — (a+ B)L{Py,a+ 3}
= X' —(1- 8ty — (1-TOX"
= WCX* — (1 - 68)ty = (a+ B)dA. (A.98)

18



By using (A.98) we can write dA(—o0,0) (for the relevant case with r > a) as:

(o B)dA(=00,0) = Bfwp —(a+AL{Py,a+ 5}
_ B-5 fF — (ot B)L{By,a+ B

WF

RS SER

= (a+B)dA+T [B — B*} : (A.99)

where T is defined as:

o 1 )\1(0&4’,6*7’)

B AMla+5—71)
= et Broner TS (r<¢><a e A1)> |

where I'1 = r¢d(a+ G+ M) — M(a+ 0 — r)wp. By using |A] = —A1 A2 from (A.32) we get:

I'y

L= (:fiA;) Pe(a+B+0) = (r—a)(a+s—r)
- %(A1+r)(A1+r+ﬁ)

where we have substituted Ay = A1 + 2r — a to get from the first to the second line. Since I'y > 0
it follows that I" > 0.
We derive (A.91) as follows. By using (A.94) and (A.98) in (A.89) we get:

(a+ B)dA(0c0,00) = WCX(00) — (1 —8)in

"k 1 », % g
— W (X _ (@> [B .y D (1= 6)in
14 >, %
= (a+B)dA— (3> [B—B } .
It follows from (A.90)-(A.91) that in the absence of bond policy, dA(—oc0,0) < dA and dA(co, c0) >
dA. This completes the proof of Proposition 1 and establishes Result 3.

A.10 Optimal policy when r = «

In the knife-edge case when the world rate of interest is exactly equal to the rate of time preference
(r = a) the model features a zero characteristic root (Ay =0 in (A.34) and Ay =7 in (A.35)) and
the dynamics is degenerate (see also Blanchard (1985, p. 230)). Essentially the model is static
as households neither save nor dissave. The steady-state is associated with F =0 (as B = 0 by
assumption) and all generations have the same level of (human) wealth and full expenditure, i.e.
X(v,t) = X(t) = (a+ B)H(t). Hence despite the fact that there are overlapping generations of
finitely lived agents, all agents are essentially identical. Apart from their age there is no difference
between generations. This property of the zero-root model is attractive because it allows us to
conduct a standard welfare analysis in which the social planner maximizes the lifetime utility of
the reprentative household.
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A.10.1 Social optimum

The social planner chooses C, Z, L, and P in order to maximize lifetime utility of the representative

generation:
A=~681logC+~v(1—68)log Z + (1 —~)log[1 — L], (A.101)
subject to the following constraints:

QL" = C+ EgP7", (A102)
Z = Eypt=or, (A.103)

where we ignore the (now superfluous) time index. Equation (A.102) is the resource constraint in
the so-called constrained social optimum when the planner cannot influence the size of individual
firms because lump-sum taxes/transfers at the firm level are deemed to be absent (see Dixit and
Stiglitz (1977) and Broer and Heijdra (2000)). Intuitively, (A.102) says that production (left-hand
side) equals domestic consumption plus exports (right-hand side). Equation (A.103) is the trade
balance constraint, requiring imports (left-hand side) to equal export earnings (right-hand side).
The constraint is static because the social planner, like the households, has no reason to use the
current account to smooth consumption.

The Lagrangian of the social plan is:

HP = 46logC+v(1—68)log Z + (1 —7)log[l — L] + Ay [QL" — C — EgP~°"]
+Ar [EoP' " - Z]

so that the first-order conditions for an interior solution to the social optimum are the constraints

and:
6
= =N (A.104a)
7(12_ D _ (A.104D)
L;z = Ayl (A.104c)
A 1 o
ﬁ - ]_D(UTT1> (A.104d)

A.10.2 Decentralized economy

In the decentralized economy, the representative household chooses C, Z, and L in order to
maximize (A.101) subject to the (static) budget restriction:

W(l*L)JrPCJr(lth]\,{)Z:WfT. (A.105)
The Lagrangian of the household plan is:

H? = ~8logC+~(1—8)logZ + (1 —~)log[l — L]
+)\H[W—T—W(1—L)—PO—(l—Ft]\,{)Z},
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so that the first-order conditions for an internal solution to the household optimum are the con-
straint and:

%5 — ApP (A.106a)
1-46
il ~ L (4 ta) (A.106b)
L—n
—_— ' g Al
1—L AV (A.106¢)
The remaining expressions affecting the decentralized solution are:
1
w/P = < + SP) nQo L7 (A.107a)
Y/P = QoL" (A.107b)
SPY = T + t]V[Z (A107C)
Y/P = C+H EyP " (A.107d)
Z = Eyplor, (A.107e)

The only expression warranting some comment is (A.107a) which is the markup pricing rule. It is
derived as follows. First, by using P = PN'~" in the pricing rule (equation (15) in the text with
P; = P imposed) we get W/P = [(1+ sp)/(nk)] N"~!. We also know that N = [(n —1)/(nf)]L
(see below (A.10)) so that W/P can be rewritten as in (A.107a).

A.10.3 Matching first-order conditions
By using, respectively, (A.106a), (A.106c) and (A.107a) and (A.104a) and (A.104c) we obtain:

(1- 1)5//% L _ <1 ZSP) DL, (A.108)
1- Z)(S//(é— D oot (A.109)

Similarly, by combining respectively (A.106a) and (A.106b) and (A.104a), (A.104b) and (A.104d)
we derive:

(1—5)/2 1+ta

0 - TP (A.110)
-8z  1( oy

By matching, respectively, (A.108) and (A.109) and (A.110) and (A.111) we derive that the
decentralized market equilibrium replicates the social optimum for the following values of the
tariff and product subsidy:

1+sp=1, 1+tM—( ar > (A.112)
O'Tfl

These values coincide with the optimal values in the egalitarian solution for the general model
(with r # «). The optimal product subsidy is set to exploit the product diversity effect whereas
the optimal tariff exploits national market power.
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