
Lqwhujhqhudwlrqdo zhoiduh h�hfwv ri d wdul� xqghu

prqrsrolvwlf frpshwlwlrq= Pdwkhpdwlfdo dsshqgl{

Ohrq M1K1 EhwwhqgruiW Ehq M1 Khlmgudy

Mxqh 5333

D14 Lqwurgxfwlrq

Lq wkh wh{w ri wkh sdshu zh uhihu rq vhyhudo rffdvlrqv wr wklv dsshqgl{1 Wkh iroorzlqj uhvxowv duh
suryhg lq wklv dsshqgl{ +soxv pdq| rwkhu wklqjv,1 Qrwh wkdw wkh surriv gr qrw dsshdu lq wklv
dsshqgl{ lq wkh vdph rughu wkh| duh uhihuuhg wr lq wkh wh{w1

� Uhvxow 41 Wkh mxps lq �[+3,

� Uhvxow 51 Zhoiduh h�hfwv zlwkrxw erqg srolf|

� Uhvxow 61 Surri ri Sursrvlwlrq 4

� Uhvxow 71 Hjdolwduldq erqg srolf|

� Uhvxow 81 Surri ri Sursrvlwlrq 5

D15 Wkh wzr0vwdjh vroxwlrq phwkrg

Wkh rswlplvdwlrq sureohp idfhg e| wkh uhsuhvhqwdwlyh frqvxphu fdq eh vroyhg lq wzr vwdjhv1 Lq
vwdjh 4 wkh g|qdplf sureohp lv vroyhg1 Wklv |lhogv d sdwk ri ixoo frqvxpswlrq/ [+y> �,1 Lq
vwdjh 5 wkh vwdwlf doorfdwlrq sureohp lv vroyhg1 Iluvw/ ixoo h{shqglwxuh lv doorfdwhg ehwzhhq lwv
frpsrqhqwv F+y> �,/ ]+y> �, dqg O+y> �,1 Wkhq F+y> �, lv doorfdwhg ryhu wkh gl�huhqw ydulhwlhv ri
wkh gl�huhqwldwhg surgxfw/ Fl+y> �,1

D1514 Vwdjh 4

Gh�qh wkh lghdo frvw0ri0olylqj lqgh{ lq shulrg � dv SX+�,=

SX+�,X+y> �, @ [+y> �,> +D14,

WRFIHE/ Hudvpxv Xqlyhuvlw|/ S1R1 Er{ 4:6;/ 6333 GU Urwwhugdp/ Wkh Qhwkhuodqgv1 Skrqh= .64043073;04;3;1

Id{= .64043073;0<4:61 H0pdlo= ehwwhqgruiCihz1hxu1qo1
yGhsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Jurqlqjhq/ S1R1 Er{ ;33/ <:33 DY Jurqlqjhq/ Wkh Qhwkhuodqgv1

Skrqh= .6408306960:636/ Id{= .6408306960:53:/ H0pdlo= e1m1khlmgudChfr1uxj1qo1
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zkhuh X+y> �, dqg [+y> �, duh gh�qhg lq wkh wh{w +vhh +5, dqg +:,/ uhvshfwlyho|,1 Lq wkh �uvw vwdjh
wkh iroorzlqj rswlplvdwlrq sureohp lv vroyhg1

Pd{
iX+y>�,j

] 4

w

^orjX+y> �,` h+�.�,+w��,g�

vxemhfw wr=
gD+y> �,

g�
@ +u . �,D+y> �, .Z +�,� W +�,� SX+�,X+y> �,=

Wklv ohdgv wr wkh iroorzlqj �uvw0rughu frqglwlrqv=

4

X+y> �,
@ �+y> �,SX+�,> +D15,

g�+y> �,

g�
@ +�� u,�+y> �,> +D16,

zkhuh �+y> �, lv wkh fr0vwdwh yduldeoh ri wkh  rz exgjhw lghqwlw|1 E| frpelqlqj +D15,0+D16, zh re0
wdlq +;, lq wkh wh{w1 Wkh lqwhjudwhg +olih0wlph, exgjhw uhvwulfwlrq +zlwk d QSJ frqglwlrq lpsrvhg,
lv=

D+y> w, .K+w, @

] 4

w

SX+�,X+y> �,h+u.�,+w��,g� @

] 4

w

�+y> �,�4h+u.�,+w��,g�> +D17,

zkhuh K+w, lv=

K+w, @

] 4

w

^Z +�,� W +�,` h+u.�,+w��,g�= +D18,

Iurp +D16, zh revhuyh wkdw �+y> �, @ �+y> w,h+u��,+w��,1 Xvlqj wklv lq +D17, |lhogv=

+�. �, ^D+y> w, .K+w,` @ 4@�+y> w, @ [+y> w,=

Ixoo h{shqglwxuh lv d frqvwdqw sursruwlrq ri wrwdo zhdowk1

D1515 Vwdjh 50d

Ixoo h{shqglwxuh [+y> w, lv qrz doorfdwhg ryhu F+y> w,/ ]+y> w,/ dqg 4� O+y> w,1

Pd{
iF+y>w,>O+y>w,>]+y>w,j

X+y> w, @
�
F+y> w,�]+y> w,4��

��
^4� O+y> w,`4��

vxemhfw wr [+y> w, @ S +w,F+y> w, . +4 . wP,]+y> w, .Z +w, ^4� O+y> w,` =

Vwudljkwiruzdug fdofxodwlrqv |lhog wkh h{suhvvlrqv jlyhq lq +<d0f, lq wkh wh{w1 E| vxevwlwxwlqj wkhvh
h{suhvvlrqv lqwr wkh vxe0xwlolw| ixqfwlrq X+y> w, +gh�qhg lq +5,, dqg qrwlqj +D14,/ zh uhfryhu wkh
h{suhvvlrq iru SX+w,=

SX+w, �
�
S +w,

��

��� �
4 . wP
�+4� �,

��+4��,�
Z +w,

4� �

�4��
= +D19,

D1516 Vwdjh 50e

Wkh djhqw qrz fkrrvhv Fl+y> w, vxfk wkdw wkh iroorzlqj vwdwlf pd{lplvdwlrq surjudp lv vroyhg=

Pd{
iFl+y>w,j

F+y> w, �
57Q+w,[
l@4

Fl+y> w,
4@�

68� vxemhfw wr
Q+w,[
l@4

Sl+w,Fl+y> w, @ S +w,F+y> w,=
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Vwudljkwiruzdug pdqlsxodwlrq |lhogv wkh ghpdqg ixqfwlrqv iru wkh grphvwlfdoo| surgxfhg ydulhwlhv
ri wkh gl�huhqwldwhg frpprglw| e| wkh djhqw ri ylqwdjh y=

Fl+y> w,

F+y> w,
@

�
Sl+w,

S +w,

���@+��4,
= +D1:,

E| vxevwlwxwlqj +D1:, lqwr +6, wkh h{suhvvlrq iru S +w, lq +7, lv rewdlqhg1

D16 Wkh rswlplvdwlrq sureohp iru d uhsuhvhqwdwlyh �up

Wkh uhsuhvhqwdwlyh �up l dlpv wr pd{lplvh +47, vxemhfw wr wkh ghpdqg uhvwulfwlrq dqg wkh sur0
gxfwlrq ixqfwlrq +46,1 Sur�w lv gh�qhg dv iroorzv1

�l+w, @ +4 . vS ,Sl+w,\l+w,�Z +w,^n\l+w, . i `>

zkhuh \l+w, � Fl+w, . Hl+w, lv wkh sulfh0hodvwlf ghpdqg idflqj �up l1 Wkh �uvw0rughu qhfhvvdu|
frqglwlrq lv=

C�l+w,

CSl+w,
@ 3= Sl+w, @

�l+w,Z +w,n

4 . vS
>

zkhuh wkh pdun0xs lv �l+w, � �l+w,@^�l+w,�4` dqg �l+w, lv wkh +devroxwh ydoxh ri wkh, sulfh hodvwlflw|
ri ghpdqg=

�l+w, � �Sl+w,

\l+w,

C\l+w,

CSl+w,
@

�

� � 4
> +D1;,

zkhuh wkh odvw htxdolw| lv rewdlqhg e| xvlqj +43, dqg +45,1 Lq ylhz ri +D1;, wkh pdunxs lv frqvwdqw
dqg htxdo dfurvv �upv= �l @ � iru doo dfwlyh �upv l1

D17 Djjuhjdwlrq

Htxdwlrq +W41;, lv rewdlqhg dv iroorzv1 Lq wkh v|pphwulf htxloleulxp doo dfwlyh �upv fkdujh wkh
vdph sulfh dqg surgxfh wkh vdph dprxqw/ l1h1 \l @ �\ dqg Sl @ �S vr wkdw \ @ Q �S �\ 1 Htxdwlrq
+7, lpsolhv S @ Q4�� �S vr wkdw=

\@S @ Q� �\ = +D1<,

Ixuwkhupruh/ +46, dqg wkh }hur sur�w frqglwlrq lpso| wkdw n �\ . i @ �O @ �n �\ 1 Djjuhjdwlrq ryhu
doo dfwlyh �upv |lhogv Q �\ @ O@+�n,/ zkhuh O � Q �O lv djjuhjdwh oderxu vxsso|1 Vroylqj iru wkh
qxpehu ri �upv |lhogv=

Q @ O@+�n �\ , +D143,

E| frpelqlqj +D1<,0+D143, zh rewdlq \@S @ 
3O� dqg Q @ ^+� � 4,@+�i,`O/ zkhuh 
3 �
n�4���++� � 4,@i,��4 A 31 Suhihuhqfh iru glyhuvlw| wkxv fdxvhv djjuhjdwh uhdo rxwsxw +h{suhvvhg
lq whupv ri wkh krph jrrg, dqg wkh htxloleulxp qxpehu ri �upv wr h{klelw/ uhvshfwlyho|/ lqfuhdvlqj
dqg frqvwdqw uhwxuqv wr oderxu1
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D18 Frqvwuxfwlrq ri wkh skdvh gldjudp

Wkh frqvwuxfwlrq ri wkh skdvh gldjudp +Iljxuh 4 lq wkh wh{w, surfhhgv dv iroorzv1 Iluvw zh xvh
htxdwlrqv +W416,/ +W41:, dqg +W41;, wr vxppdul}h oderxu pdunhw htxloleulxp +OPH,=

i+O, � }3+4� O,O��4 @ {> +D144,

zkhuh { � [@S lv ixoo h{shqglwxuh h{suhvvhg lq whupv ri wkh grphvwlf sulfh lqgh{ dqg }3 lv gh�qhg
dv=

}3 � +4 . vS ,
3
4� �

= +D145,

Lw iroorzv iurp +D144, wkdw i+O, kdv wkh iroorzlqj �uvw0 dqg vhfrqg0rughu ghulydwlyhv=

i 3+O, @ }3O
��4

�
+� � 4,

�
4� O

O

�
� 4

�
> i 33+O, @ +� � 4,}3 ^�+4� O,� 5`O��6= +D146,

Zh duh lqwhuhvwhg lq wkh surshuwlhv ri i+O, lq wkh hfrqrplfdoo| phdqlqjixo lqwhuydo 3 � O � 41
Fohduo|/ i+4, @ 3 exw i+3, ghshqgv rq wkh pdjqlwxgh ri � � 4=

i+3,

+
@ }3

@ 3
/ �

+
@

A

,
4= +D147,

Ilqdoo|/ iru � @ 4/ i+O, lv grzqzdug vorslqj exw iru � A 4 zh kdyh=

i 3+O, U 3 / O T OPLQ � � � 4

�
= +D148,

Lq vxppdu|/ wkh ixqfwlrq i+O, lv dv gudzq lq wkh wrs sdqho lq Iljxuh D141 +Lq wkdw �jxuh zh
dvvxph wkdw 4 ? � ? 5 vr wkdw i 33+O, ? 3 lq wkh ihdvleoh uhjlrq,1 Li � @ 4/ wkhq i+O, lv wkh gdvkhg
olqh iurp }3 wr srlqw g1 Li wkh glyhuvlw| h�hfw lv rshudwlyh +� A 4, wkhq i+O, lv wkh vrolg olqh
iurp wkh ruljlq +srlqw h, wkurxjk d/ f/ dqg e wr srlqw g1 Iru O @ OPLQ/ { uhdfkhv lwv pd{lpxp
ydoxh +{PD[, frqvlvwhqw zlwk oderxu pdunhw htxloleulxp1 Qrz frqvlghu zkdw kdsshqv li { @ {31
Erwk srlqwv d dqg e duh frqvlvwhqw zlwk oderxu pdunhw htxloleulxp1 Lq wkh erwwrp sdqho ri Iljxuh
D14 oderxu ghpdqg +htxdwlrqv +W416, dqg +W41;, frpelqhg, dqg oderxu vxsso| +htxdwlrq +W41:,,
duh ghslfwhg e|/ uhvshfwlyho|/ OG dqg OV+{3, +vxsso| ghshqgv rq {3 wkurxjk wkh zhdowk h�hfw,1
Oderxu ghpdqg vorshv xszdug ehfdxvh ri wkh glyhuvlw| h�hfw1 Lw zrxog dsshdu wkdw wkhuh duh
wzr vxlwdeoh htxloleuld exw lw lv vkrzq ehorz wkdw wkh oderxu pdunhw htxloleulxp lq srlqw d lv
xqvwdeoh1 Khqfh zlwk dq rshudwlyh glyhuvlw| h�hfw wkh ihdvleoh udqjh ri oderxu pdunhw htxloleuld
lv O 5 +OPLQ> 4` dqg wkxv { 5 ^3> {PD[,1 Lq whupv ri Iljxuh D14 wklv dprxqwv wr vhohfwlqj rqo|
wkh hpsor|phqw vroxwlrq rq wkh grzqzdug vorslqj vhjphqw ri wkh i+O, ixqfwlrq1 Lq whupv ri
sdudphwhuv xvhg lq wkh olqhdul}hg prgho wkh ihdvleoh uhjlrq iru O fdq eh uhzulwwhq dv=

3 � +� � 4,$OO ? 4> +D149,

zkhuh $OO � +4� O,@O1
Wkh xsvkrw ri wkh glvfxvvlrq vr idu lv wkdw htxloleulxp hpsor|phqw fdq eh h{suhvvhg dv d

xqltxh ixqfwlrq ri { dqg }3/ l1h1 O @ O+{> }3, zlwk O{ � CO@C{ ? 3 dqg O}3 � CO@C}3 A 31 E|
vxevwlwxwlqj wklv uhodwlrq lq +W41;, dqg dovr xvlqj +W417,0+W418, zh jhw wkh h{suhvvlrq iru jrrgv
pdunhw htxloleulxp +JPH,=


3O+{> }3,
� @ ��{.H3S

��W > +D14:,
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W/P
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��

�

�

0 1

�

�

LMIN

0=1

0>1
�

LS(x0)

LD

a

a

b

b

c

�

c
�

x0

xMAX

z0

e d

�

0>1

Iljxuh D14= Oderxu pdunhw htxloleulxp
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zkhuh wkh ohiw0kdqg vlgh lv djjuhjdwh vxsso| ri grphvwlf jrrgv dqg wkh uljkw0kdqg vlgh lv gh0
pdqg iru grphvwlf jrrgv frqvlvwlqj ri ghpdqg e| uhvlghqwv soxv ghpdqg e| iruhljqhuv +h{sruwv,1
Dq lqfuhdvh lq { orzhuv vxsso|/ udlvhv ghpdqg e| uhvlghqwv dqg wkxv�wr uhvwruh jrrgv pdunhw
htxloleulxp�h{sruwv pxvw idoo/ l1h1 S pxvw ulvh1 Uhfdoolqj wkdw { � [@S / wklv uhdvrqlqj vkrzv
wkdw wkh whupv ri wudgh fdq eh zulwwhq dv d xqltxh ixqfwlrq ri [ dqg }3=

S @ S +[> }3, +D14;,

zklfk kdv wkh iroorzlqj sduwldo ghulydwlyhv=

S[ � CS

C[
@


3�O��4O{ � ��

{ ^
3�O��4O{ � ��`� �WH3S��W
A 3> +D14<,

S}3 � CS

C}3
@


3S�O��4O}3
{ ^
3�O��4O{ � ��`� �WH3S��W

? 3= +D153,

Ilqdoo|/ e| xvlqj wklv h{suhvvlrq lq frpelqdwlrq zlwk +W419, dqg +W41<, zh rewdlq wkh iroorzlqj
h{suhvvlrq iru wkh wudgh edodqfh=

WE @ WE+[> }3> wP, @ H3S +[> }3,
4��W �

�
�+4� �,

4 . wP

�
[> +D154,

zlwk wkh iroorzlqj sduwldo ghulydwlyhv=

WE[ � CWE

C[
@ �+�W � 4,H3S

��WS[ � �+4� �,

4 . wP
? 3> +D155,

WE}3 � CWE

C}3
@ �+�W � 4,H3S

��WS}3 A 3> +D156,

WE wP � CWE

CwP
@

�+4� �,[

+4 . wP,5
A 3= +D157,

Zh fdq qrz ghvfuleh wkh htxloleulxp g|qdplfv1 Htxdwlrq +W414, ghvfulehv wkh g|qdplfv ri
ixoo h{shqglwxuh1 Wkh b[ @ 3 olqh lv jlyhq e| +u � �,[ @ �+�. �,^I .E` zklfk lv d vwudljkw olqh
wkurxjk wkh ruljlq +vlqfh E @ 3 lqlwldoo|, zlwk d srvlwlyh +qhjdwlyh, vorsh iru d fuhglwru +ghewru,
frxqwu| zlwk u A � +u ? �,1 Iru srlqwv wr wkh uljkw +ohiw, ri wkh b[ @ 3 olqh [ idoov +ulvhv, ryhu
wlph1 Wklv kdv ehhq lqglfdwhg zlwk yhuwlfdo duurzv lq Iljxuh 41

Htxdwlrq +W415, lq frpelqdwlrq zlwk +D154, ghvfulehv wkh g|qdplfv ri qhw iruhljq dvvhwv1 Wkh
bI @ 3 olqh lv jlyhq e| uI @ �WE+[> }3> wP, dqg vorshv xszdugv ehfdxvh WE[ ? 31 uIPLQ �
�WE+3> }3> wP, lv wkh orzhvw srvvleoh ohyho ri qhw iruhljq dvvhwv dqg wkh bI @ 3 olqh kdv ehhq gudzq
dv d vwudljkw olqh iru frqyhqlhqfh1 Wkh g|qdplfv iroorz iurp C bI@C[ @ WE[ ? 3 l1h1 iru srlqwv
deryh +ehorz, wkh bI @ 3 olqh/ qhw iruhljq dvvhwv duh idoolqj +ulvlqj, ryhu wlph1 Wklv kdv ehhq
lqglfdwhg zlwk krul}rqwdo duurzv lq Iljxuh 41

Wkh prgho lv vdggoh0srlqw vwdeoh iru erwk fdvhv1 Iru wkh fuhglwru frxqwu| +u A �, wkh vwhdg|
vwdwh lv dvvrfldwhg zlwk srvlwlyh qhw iruhljq dvvhwv1 Lq frqwudvw/ iru wkh ghewru frxqwu| +u ? �,
vwhdg|0vwdwh qhw iruhljq dvvhwv duh qhjdwlyh1 Lq erwk fdvhv wkh vdggoh sdwk lv xszdug vorslqj1

D19 Prgho Vroxwlrq

Iru erwk fdvhv dgplwwhg e| wkh prgho wkhuh lv d uhjxodu vdggoh0srlqw vwdeoh htxloleulxp1 Lq wkh
sdshu zh vwxg| wkh frpsdudwlyh g|qdplf surshuwlhv ri wkh prgho e| orjolqhdul}lqj lw durxqg dq
lqlwldo vwhdg| vwdwh�vhh Wdeoh D141 Zh xvh wkh iroorzlqj qrwdwlrqdo frqyhqwlrqv1 D wlogh +c�*,

9



deryh d yduldeoh ghqrwhv lwv udwh ri fkdqjh durxqg wkh lqlwldo vwhdg|0vwdwh/ h1j1/ �[+w, � g[+w,@[1
D yduldeoh zlwk d wlogh dqg d grw lv wkh wlph ghulydwlyh h{suhvvhg lq whupv ri wkh lqlwldo vwhdg|0
vwdwh/ iru h{dpsoh/ b�[+w, � b[+w,@[1 Wkh rqo| h{fhswlrqv wr wkdw frqyhqwlrq uhihu wr wkh wdul�/
wkh surgxfw vxelg|/ wkh ydulrxv �qdqfldo dvvhwv/ dqg wkh wudgh edodqfh= �wP � gwP@+4 . wP,/
�vS � gvS@+4 . vS ,/ �E+w, � ugE+w,@\ / b�E+w, � u bE+w,@\ / �I +w, � ugI +w,@\ / b�I +w, � u bI +w,@\ / dqgjWE+w, � gWE+w,@\ 1

Lq rughu wr vroyh wkh orjolqhdul}hg prgho/ lw lv xvhixo wr �uvw frqghqvh wkh vwdwlf sduw ri wkh prgho
dv pxfk dv srvvleoh1 E| xvlqj +WD16,0+WD1<, lq Wdeoh D14/ wkh fkdqjh lq uhdo qdwlrqdo lqfrph
+�\ +w,� �S +w,,/ hpsor|phqw +�O+w,,/ wkh whupv ri wudgh + �S +w,,/ dqg wkh wudgh edodqfh +jWE+w,, fdq
eh zulwwhq lq whupv ri wkh vwdwh yduldeoh + �[+w,, dqg wkh srolf| yduldeohv +�wP dqg �vS ,=

�\ +w,� �S +w, @ ��O+w, @ �+!� 4,
k�

�[+w,� �S +w,
�
� �vS

l
> +D158,

�S +w, @ +4� �, �[+w,�
�
+!� 4,�

�W$[

�
�vS > +D159,

jWE+w, @ � ^�!. $I ` �[+w, . +!� 4,��vS . +$I . $[, �wP > +D15:,

zkhuh !/ � dqg � duh gh�qhg dv=

! � 4 . $OO
4 . $OO+4� �,

� 4> 3 ? � � �W$[
!. $[+�W � 4,

? 4> 3 ? � �
�
�W � 4

�W

�
� ? 4>

dqg zkhuh zh kdyh lqfrusrudwhg +D149,1 Qrwh wkdw htxdwlrqv +D159, dqg +D15:, duh wkh orjolq0
hdul}hg yhuvlrqv ri/ uhvshfwlyho|/ +D14;, dqg +D154,1 Wkh h{suhvvlrq iru wkh orjolqhdul}hg wuxh sulfh
lqgh{ + �SX+w,, iroorzv lq d vwudljkwiruzdug idvklrq iurp +D19,=

�SX+w, @ �� �S +w, . �+4� �,�wP . +4� �, �Z +w,= +D15;,

E| xvlqj +WD14,/ +WD15,/ dqg +D15:, wkh g|qdplfdo v|vwhp iru qhw iruhljq dvvhwv dqg ixoo
h{shqglwxuh lv rewdlqhg=%

b�I +w,
b�[+w,

&
@ �

%
�I +w,
�[+w,

&
.

%
�I +w,

�[+w,

&
> +D15<,

zkhuh wkh Mdfreldq pdwul{ ri frh!flhqwv rq wkh uljkw0kdqg vlgh +ghqrwhg e|� zlwk w|slfdo hohphqw
�lm,/ lv gh�qhg dv=

� �
%

u �u +�!. $I ,

�+u � �,@$I u � �

&
= +D163,

Wkh yhfwruv ri iruflqj whupv lv jlyhq e|=%
�I +w,

�[+w,

&
@

%
u +$[ . $I , �wP . u+!� 4,��vS

� ^+u � �,@$I ` �E

&
+D164,

Wkh ghwhuplqdqw ri � lq +D163, lv hdvlo| frpsxwhg=

m�m @ �u�!

�
u � �

$I

�
? 3= +D165,

Wkh vljq lv ghulyhg dv iroorzv1 Iluvw/ zh nqrz iurp vhfwlrq D18 wkdw +u � �,@$I A 31 Vdggoh0
srlqw vwdelolw| uhtxluhv m�m ? 31 Lw iroorzv iurp htxdwlrq +D165, wkdw ! A 3 lv d qhfhvvdu| dqg

:



Wdeoh D14= Orj0Olqhdul}hg Yhuvlrq ri wkh Prgho

��fE|� ' Eo 3 k� �fE|�3 dEo3 k�*/8 o
k
�8 E|� n ��

l
+WD14,

o3� ��8 E|� ' �8 E|� n jA�E|� +WD15,

�uE|� ' �t E|�3 �̀ E|� n �r� +WD16,

�t E|�3 �� E|� ' E�3 /f� ��E|�3 jA/f �� E|� +WD17,

��E|� n �� E|� ' �fE|� +WD18,

�~E|� ' �fE|�3 �|� +WD19,

�uE|� ' /uu
k
�̀ E|�3 �fE|�

l
+WD1:,

�t E|�3 �� E|� ' # �uE|� +WD1;,jA�E|� ' 3EjA 3 ��/f �� E|�3 E/f n /8 � �~E|� +WD1<,

Vkduhv=
$OO � +4� O,@O/ ohlvxuh2zrun udwlr1
$I � uI@\ / vkduh ri dvvhw lqfrph lq qdwlrqdo lqfrph1
$[ � H3S 4��W @\ / vkduh ri h{sruwv lq qdwlrqdo lqfrph1
Qrwhv =
+d, Zh dvvxph wkdw E @ 3 lqlwldoo|1
+e, Uhodwlrqvkls ehwzhhq vkduhv= $I . $[ @ ]@\ A 31

vx!flhqw frqglwlrq iru vdggoh srlqw vwdelolw|1 Lw iroorzv iurp wkh gh�qlwlrq ri ! wkdw wklv krogv l�
$OO ? +� � 4,�4/ l1h1 +D149, pxvw krog1 Lq wkdw fdvh zh kdyh ! � 4 dqg � A 3 vr wkdw m�m ? 31

Wkh fkdudfwhulvwlf htxdwlrq ri �/ j+�, � m�L ��m/ fdq eh zulwwhq dv iroorzv=

j+�, @ +�. �4,+�� �5, @ �5 � +5u � �,�� u�!

�
u � �

$I

�
= +D166,

Wkh urrwv/ ��4 dqg �5/ duh wkh vroxwlrqv wr j+�, @ 3 lq +D166,1 Lw lv vwudljkwiruzdug wr yhuli| wkdw
��4 ? 3 dqg �5 A 31 Lqghhg/ e| xvlqj +D166, wkh iroorzlqj h{suhvvlrqv dqg lqhtxdolwlhv iru ��4

dqg �5 fdq eh ghulyhg=

��4 @
4

5
+5u � �,

%
4�

�
4 .

7u�!+u � �,

$I +5u � �,5

�4@5&
? 3> +D167,

�5 @
4

5
+5u � �,

%
4 .

�
4 .

7u�!+u � �,

$I +5u � �,5

�4@5&
A 5u � � A 3= +D168,

Reylrxvo|/ lq ylhz ri +D166, +ru/ htxlydohqwo|/ +D167,0+D168,, zh kdyh wkdw �5 � �4 @ 5u � �14

Wkh surri ri �5 A u surfhhgv dv iroorzv1 Wkh fkdudfwhulvwlf htxdwlrq j+�, kdv wzr urrwv
+j+��4, @ j+�5, @ 3, dqg vdwlv�hv j+3, @ m�m ? 3 +e| vdggoh sdwk vwdelolw|, dqg j3+�5, A 3 +e|
+D168,,1 Khqfh/ wr vkrz wkdw �5 A u zh pxvw vkrz wkdw j+u, ? 31 E| xvlqj +D166, zh jhw=

j+u, @ u5 � +5u � �,u � u�!

�
u � �

$I

�
@ �u

�
u � �

$I

�
+$I . �!, ? 3>

4Zh rqo| frqvlghu wkh fdvh ri d prghudwho| lpsdwlhqw frxqwu|/ l1h1 k 	 2o1

;



zkhuh +$I . �!, A 3 iroorzv iurp=

$I . �! @ �!. +4� �,$[ . $I @ �+!� $[, . +$I . $[, A 3>

dv ! A $[ dqg $I . $[ A 31

D1914 Orqj0uxq uhvxowv

Wkh orqj0uxq h�hfwv rq wkh vwdwh yduldeohv ri shupdqhqw vkrfnv lq wkh lpsruw wdul� +�wP,/ wkh
surgxfw vxevlg| +�vS ,/ ru wkh ohyho ri jryhuqphqw ghew + �E, fdq eh frpsxwhg iurp wkh vwhdg|0vwdwh
yhuvlrq ri +D15<,1 Diwhu vrph pdqlsxodwlrq wkh iroorzlqj h{suhvvlrq lv rewdlqhg=%

�I +4,
�[+4,

&
�

%
$I

4

&�
$I . $[

�!

�
�wP .

%
$I

4

&�
+!� 4,�

�!

�
�vS

�
%

�!. $I

4

&
�E

�!
= +D169,

Lq vhfwlrq 6 ri wkh sdshu zh devwudfw iurp erqg srolf| dqg nhhs wkh surgxfw vxevlg| frqvwdqw1
E| vxevwlwxwlqj �vS @ �E @ 3 lq +D169, zh jhw wkh uhvxowv iru vhfwlrq 6 ri wkh sdshu1 Lq vhfwlrq 717
zh dvvxph wkdw hjdolwduldq erqg srolf| lv xvhg1 Khqfh/ wkh uhvxowv iru wkdw vhfwlrq duh rewdlqhg
e| vxevwlwxwlqj lq +D169,=

�vS @ 3> �E @

�
$I . $[
$I . !�

�
$I �wP = +D16:,

D1915 Lpsdfw uhvxowv

Wkh lpsdfw uhvxowv duh rewdlqhg dv iroorzv1 E| wdnlqj wkh Odsodfh wudqvirup ri +D15<, zh rewdlq
wkh iroorzlqj h{suhvvlrq=

�+v,

%
Oi �I> vj
Oi �[> vj

&
@

%
Oi�I > vj
�[+3, . Oi�[ > vj

&
> +D16;,

zkhuh zh kdyh xvhg wkh idfw wkdw wkh vwrfn ri qhw iruhljq dvvhwv lv suhghwhuplqhg +l1h1 �I +3, @ 3,/
dqg zkhuh �+v, � vL � �/ vr wkdw m�+v,m � +v . �4,+v � �5,1 E| suh0pxowlso|lqj +D16;, e|
dgm+�+�5,, zh rewdlq wkh lqlwldo frqglwlrq iru wkh mxps lq ixoo h{shqglwxuh=

dgm+�+�5,�+�5,

%
Oi �I> �5j
Oi �[>�5j

&
�

%
�5 � +u � �, �u+�!. $I ,

�+u � �,@$I +�5 � u,

&
�%

Oi�I > �5j
�[+3, . Oi�[ > �5j

&
@

%
3

3

&
= +D16<,

Vlqfh wkh fkdudfwhulvwlf urrwv ri � duh glvwlqfw/ udqn+dgm+�+�l,,, @ 4 dqg wkhuh lv h{dfwo| rqh
lqghshqghqw htxdwlrq ghwhuplqlqj �[+3,=

�[+3, @ �Oi�[ > �5j.
�

u � �

$I +�5 � u,

�
Oi�I > �5j= +D173,

Doo uhvxowv uhsruwhg lq wkh sdshu duh edvhg rq wkh dvvxpswlrq wkdw wkh vkrfnv wr wkh wdul�/ wkh
surgxfw vxevlg|/ dqg jryhuqphqw ghew duh shupdqhqw dqg xqdqwlflsdwhg1 Wklv lpsolhv wkdw wkh
Odsodfh wudqvirupv iru wkhvh vkrfnv wdnh wkh iroorzlqj irup=

Oi�wP > vj @
�wP
v
> Oi�vS > vj @

�vS
v
> Oi �E> vj @

�E

v
= +D174,
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E| xvlqj +D164, dqg +D174, lq +D173, wkh mxps lq ixoo frqvxpswlrq fdq eh frpsxwhg=

�[+3, @

�
u � �

$I�5

���
u

�5 � u

��
+$I . $[,�wP . +!� 4,��vS

�
. �E

�
+D175,

@

�
$I . $[
$I . !�

�
�wP .

�
+!� 4,�

$I . !�

�
�vS .

�
u � �

$I�5

�k
�E � �E�

l
> +D176,

zkhuh �E� lv=

�E� �
�

$I
!� . $I

��
+$[ . $I ,�wP . �+!� 4,�vS

�
+D177,

E| vhwwlqj �E @ �vS @ 3 lq +D175,0+D177,/ wkh uhvxowv iru vhfwlrq 6 ri wkh wh{w duh rewdlqhg1 Lw dovr
iroorzv lq wkdw fdvh wkdw=

vjq
k
�[+4,� �[+3,

l
@ vjq

�
+u � �,+$I . $[,

�!+�5 � u,

�
�wP @ vjq+$I ,> +D178,

zkhuh zh kdyh xvhg wkh idfw wkdw �5 A u1

D1916 Wudqvlwlrq uhvxowv

Vlqfh wkh vkrfn dgplqlvwhuhg dw wlph w @ 3 lv shupdqhqw dqg xqdqwlflsdwhg/ wkh wudqvlwlrq sdwk
ri wkh vwdwh yduldeohv kdv wkh iroorzlqj irup=%

�I +w,
�[+w,

&
@ h��4w

%
3

�[+3,

&
.
�
4� h��4w

� % �I +4,
�[+4,

&
> +D179,

zkhuh �4 lv plqxv wkh vwdeoh urrw ri � zklfk uhsuhvhqwv wkh wudqvlwlrq vshhg lq wkh hfrqrp|1
Wkhvh h{suhvvlrqv duh irxqg lq wkh Dsshqgl{ ri wkh wh{w1

D1: Zhoiduh Dqdo|vlv

Wkh zhoiduh lpsolfdwlrqv ri wkh srolf| vkrfn fdq eh ghulyhg lq wkh pdqqhu vxjjhvwhg e| Mxgg +4<;5/
4<<;,1 Wkh rswlpxp xwlolw| ohyho ri wkh uhsuhvhqwdwlyh djhqw ri ylqwdjh y dw wlph w lv ghqrwhg e|
�+y> w,=

�+y> w, �
] 4

w

orj^[+y> �,@SX+�,`h
+�.�,+w��,g�= +D17:,

Wkh Hxohu htxdwlrq iru wkh krxvhkrog/ b[+y> �, @ +u � �,[+y> �,/ lpsolhv wkdw=

[+y> �, @ [+y> w,h+u��,+��w,> y � w= +D17;,

Vxevwlwxwlrq ri +D17;, lq +D17:, |lhogv=

�+y> w, @ � u � �

+�. �,5
.

] 4

w

^orj[+y> w,� orjSX+�,` h
+�.�,+w��,g�

@ �[+y> w,� �G+w,>

zkhuh=

�[+y> w, @ � u � �

+�. �,5
.

orj[+y> w,

�. �
> �G+w, @

] 4

w

orjSX+�,h
+�.�,+w��,g�=

43



Wkh fkdqjh lq xwlolw| lv fdofxodwhg dv g�+y> w, @ g�[+y> w,� g�G+w,/ zlwk=

g�[+y> w, @
4

�. �

g[+y> w,

[+y> w,
@

�[+y> w,

�. �
>

g�G+w, @

] 4

w

�SX+�,h
+�.�,+w��,g�=

Wkh Odsodfh wudqvirupv ri g�G+w, fdq eh zulwwhq lq wkh iroorzlqj irup=

Oig�G> vj @
Oi �SX > �. �j � Oi �SX > vj

v� +�. �,
= +D17<,

Zh qrz qhhg wr glvwlqjxlvk ehwzhhq jhqhudwlrqv wkdw duh dolyh dw wkh wlph ri wkh vkrfn +y ? 3,
dqg ixwxuh jhqhudwlrqv lqfoxglqj wkh qhzo| eruq +y @ w � 3,1

D1:14 H{lvwlqj jhqhudwlrqv +� 	 f,

H{lvwlqj jhqhudwlrqv duh eruq ehiruh wkh srolf| vkrfn rffxuv dqg kdyh d qhjdwlyh jhqhudwlrqv
lqgh{/ y ? 31 Iru dq lqglylgxdo zh kdyh wkdw [+y> 3, @ +�. �,^D+y> 3, .K+3,`/ vr wkdw=

�[+y> 3, @ ^4� �K+y,` �D+y> 3, . �K+y, �K+3,> zlwk �K+y, � K+3,

D+y> 3, .K+3,
> +D183,

zkhuh �D+y> 3, � gD+y> 3,@D+y> 3,/ �[+y> 3, � g[+y> 3,@[+y> 3,/ dqg �K+3, � gK+3,@K+3,1 Djjuh0
jdwh wrwdo frqvxpswlrq vdwlv�hv [+3, @ +�. �,^D+3, .K+3,`/ vr wkdw=

�[+3, @ ^4� $K ` �D+3, . $K �K+3,> zlwk $K � K+3,

D+3, .K+3,
>

zkhuh �D+3, � gD+3,@D+3,1 Lq wkh vwhdg|0vwdwh zh kdyh wkdw [+y> 3, @ [+y> y, h{s^�+u � �,y`/
lpso|lqj=

+�. �, ^D+y> 3, .K+3,` @ +�. �,K+3,h�+u��,y

, �K+y, � h+u��,y=

Ixuwkhupruh/ zh nqrz wkdw �D+y> 3, @ �D+3, iru y ? 3/ l1h1 wkh udwh ri fkdqjh lq wkh ydoxh ri
lqglylgxdo dvvhwv htxdov wkh udwh ri fkdqjh lq wkh ydoxh ri djjuhjdwh �qdqfldo zhdowk1 Frpelqlqj
wkhvh htxdwlrqv/ +D183, lv zulwwhq dv=

�[+y> 3, @ �D+3, . ^�K+y,@$K `
k
�[+3,� �D+3,

l
=

Qh{w/ lw iroorzv iurp +D17<, wkdw=

g�G+3, @ olp
v$4

vOig�G> vj @ Oi �SX > �. �j=

Wkh h�hfw rq zhoiduh iru h{lvwlqj jhqhudwlrqv +y ? 3, fdq wkxv eh zulwwhq dv=

+�. �,g�+y> 3, @ �D+3, .
k
h+u��,y@$K

l k
�[+3,� �D+3,

l
� +�. �,Oi �SX > �. �j> +D184,

zkhuh wkh fkdqjh lq wkh ydoxh ri �qdqfldo dvvhwv wkdw rffxuv dw lpsdfw fdq eh zulwwhq dv=

�D+3, � �E@$I = +D185,
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Qrwh wkdw lq d ghewru qdwlrq/ u ? � dqg �K+y, � h+u��,y jrhv wr lq�qlw| iru yhu| rog jhqhu0
dwlrqv +l1h1 dv �y jhwv odujh,1 Lqwxlwlyho|/ djhqwv iroorz d grzqzdug vorslqj wlph sur�oh iru ixoo
h{shqglwxuh lq wkdw fdvh1 H{wuhpho| rog jhqhudwlrqv +ri zklfk wkhuh duh rqo| yhu| ihz ohiw, kdyh
d ixoo h{shqglwxuh ohyho forvh wr +exw juhdwhu wkdq, }hur/ l1h1 [+y> 3, � 3 dqg �I +y> 3, � K+3, iru
wkhvh jhqhudwlrqv1 Jlyhq wkh orjdulwkplf iholflw| ixqfwlrq/ d pdujlqdo fkdqjh lq ixoo h{shqglwxuh
uhvxowv lq dq lq�qlwho| odujh fkdqjh lq iholflw|1 Qrwh dovr wkdw wkhuh lv d vxewoh sureohp li d srolf|
vkrfn zhuh wr fdxvh d idoo lq kxpdq zhdowk dw lpsdfw1 Li wkdw zhuh wr kdsshq/ h{wuhpho| rog
jhqhudwlrqv zrxog kdyh qhjdwlyh qhw zruwk/ l1h1 wkh| zrxog kdyh wr ghidxow rq wkhlu iruhljq ordqv1
Lq wkh vfhqdulrv vwxglhg lq wkh sdshu/ krzhyhu/ kxpdq zhdowk ulvhv dw lpsdfw vr wkdw ghidxow e|
rog jhqhudwlrqv grhv qrw rffxu1

D1:15 Ixwxuh jhqhudwlrqv +� ' | � f,

Wkh xwlolw| fkdqjh iru ixwxuh jhqhudwlrqv lv hydoxdwhg dw eluwk/ l1h1 zh frpsxwh g�+y> y, iru
y @ w � 31 Iluvw/ zh nqrz wkdw djhqwv duh eruq zlwkrxw �qdqfldo zhdowk/ D+y> y, @ 3/ vr wkdw=

[+y> y, @ +�. �,K+y, , �[+y> y, @ �K+y,=

Iurp wkh djjuhjdwh frxqwhusduw/ [+y, @ +�. �,^I +y, .E+y, .K+y,`/ dq h{suhvvlrq iru �K+y, lv
rewdlqhg=

$K �K+y, @ �[+y,� ^+4� $K,@$I `
�
�I +y, . �E+y,

�
=

Wkh fkdqjh lq zhoiduh ri ixwxuh jhqhudwlrqv +y @ w � 3, lv uhzulwwhq dv=

+�. �,g�+y> y, @ �[+y> y,� +�. �,O�4
%
Oi �SX > �. �j � Oi �SX > vj

v� +�. �,

&
= +D186,

Wkh Odsodfh wudqvirup ri �SX+w, wdnhv wkh iroorzlqj irup=

Oi �SX > vj @
�SX+3,� �SX+4,

v. �4
.

�SX+4,

v
= +D187,

Wklv lpsolhv wkh iroorzlqj uhvxowv=

Oi �SX > �. �j � Oi �SX > vj
v� +�. �,

@

�
4

v

�
Oi �SX > �. �j �

�
4

v
� 4

v. �4

� % �SX+3,� �SX+4,

�. � . �4

&
=

+D188,

Khqfh/ wkh whupv lq vtxduh eudfnhwv lq +D186, fdq eh zulwwhq dv zhljkwhg dyhudjhv ri wkh lqlwldo
dqg orqj0uxq h�hfwv ri wkh uhvshfwlyh yduldeohv1 Vlqfh wkh sdwkv ri wkh yduldeohv wkhpvhoyhv wdnh
wkh vdph irup/ lw iroorzv wkdw xwlolw| fdq dovr eh zulwwhq lq whupv ri zhljkwhg lpsdfw dqg orqj0uxq
h�hfwv1 Lqghhg/ e| xvlqj wkh vroxwlrq sdwkv iru �[+w, dqg �I +w,/ dv zhoo dv +D188, lq +D186,/ zh
rewdlq wkh iroorzlqj h{suhvvlrq iru g�+w> w,=

g�+w> w, @ h��4wg�+3> 3, .
�
4� h��4w

�
g�+4>4,> +D189,

zkhuh g�+4>4, lv jlyhq e|=

+�. �,g�+4>4, @
�[+4,

$K
� +4� $K, �D+4,

$K
� �SX+4,

@ �[+4,� �SX+4,> +D18:,

zkhuh zh kdyh xvhg wkh vwhdg|0vwdwh yhuvlrq ri +WD14,/ �[+4, @ �D+4,/ lq wkh �qdo vwhs1 Wklv
hvwdeolvkhv Uhvxow 51
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D1; Hjdolwduldq erqg srolf|

Lq rughu wr suryh Uhvxowv 608/ lw lv xvhixo wr �uvw frpsxwh wkh doorfdwlrq dqg zhoiduh h�hfw lq wkh
suhvhqfh ri erqg srolf| dqg d vkrfn lq wkh surgxfw vxevlg|1 E| zrunlqj rxw wkh prvw jhqhudo fdvh
�uvw/ wkh ydulrxv uhvxowv wr eh suryhg fdq eh rewdlqhg odwhu dv vshfldo fdvhv1

Wkh jhqhudo h{suhvvlrqv iru wkh lpsdfw h�hfwv duh jlyhq lq +D175,0+D177,1 E| xvlqj +D159, lq
+D176, zh rewdlq=

�[+3,� �S +3, @

�
$I . $[
$I . !�

�
��wP .

�
+!� 4,+$I . �W$[,

+$I . !�,�W$[

�
��vS .

�
�+u � �,

$I�5

�k
�E � �E�

l
=

+D18;,

Wkh prvw jhqhudo orqj0uxq uhvxowv/ jlyhq lq +D169,/ fdq eh uhzulwwhq e| pdnlqj xvh ri +D159, dqg
+D177,=

�I +4, @

�
$I . �!

�!

�k
�E� � �E

l
> +D18<,

�[+4,� �S +4, @

�
$[ . $I
$I . �!

�
��wP .

�
+!� 4,+$I . �W$[,

+$I . �!,�W$[

�
��vS .

%
�E� � �E

!

&
=+D193,

D1;14 Uhprylqj wudqvlwlrqdo g|qdplfv

Lw lv fohdu iurp +D18;,/ +D18<, dqg +D193, wkdw lpsdfw dqg orqj0uxq uhvxowv frlqflgh iru wkh uh0
vshfwlyh yduldeohv li wkh erqg srolf| wdnhv wkh irup �E @ �E�/ l1h1 �[+3,� �S +3, @ �[+4, � �S +4,

dqg �I +3, @ �I +4, @ 3 lq wkdw fdvh1 Vlqfh doo wudqvlwlrq lq uhdo ixoo h{shqglwxuh lv holplqdwhg/ wkh
vdph dovr krogv iru wkh rwkhu yduldeohv1 Lqghhg/ e| vxevwlwxwlqj wkh wlph0lqyduldqw ydoxh ri �[+w,

uhvxowlqj iurp �E @ �E� lq htxdwlrqv +D158,0+D159, zh rewdlq=

�\ +w,� �S +w, @ ��O+w, @ �
�
+!� 4,�

$I . �!

�
+D194,

�
�
+$[ . $I ,�wP �

�
�W$[ . ^4 . +�W � 4,$[ `$I

�W$[

�
�vS

�
�Z +w,� �S +w, @

�
� � 4

�

�k
�\ +w,� �S +w,

l
. �vS > +D195,

�W$[ �S +w, @ +!� $[,
k
�[+w,� �S +w,

l
� +!� 4,�vS

@

�
+$[ . $I ,�

$I . �!

��
+!� $[,�wP � +!� 4,�vS

�
+D196,

iru doo w � 31

D1;15 Holplqdwlqj doo lqwhujhqhudwlrqdo lqhtxlw|

Lw lv vwudljkwiruzdug wr vkrz wkdw d erqg srolf| ri wkh irup �E @ �E� qrw rqo| uhpryhv wudqvlwlrqdo
g|qdplfv lq wkh pdfurhfrqrplf yduldeohv exw dovr holplqdwhv doo lqwhujhqhudwlrqdo lqhtxlwlhv1 Wkh
zhoiduh h�hfw rq h{lvwlqj jhqhudwlrqv lv jlyhq lq +D184,1 E| xvlqj +D185, dqg +D176, dqg lpsrvlqj
�E @ �E� +iurp +D177,, zh ghulyh wkdw wkh jhqhudwlrq0vshfl�f whup lq +D184, ydqlvkhv=

�[+3,� �D+3, @ �[+3,� �E�@$I @ 3=
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Khqfh/ doo h{lvwlqj jhqhudwlrqv duh d�hfwhg e| wkh vkrfn lq wkh vdph pdqqhu/ l1h1 g�+y> 3, @

g�+3> 3, iru doo y ? 31
Iru ixwxuh jhqhudwlrqv lqfoxglqj qhzeruqv +y @ w � 3, wkh zhoiduh h�hfw lv jlyhq lq +D189,1 Lw

lv vwudljkwiruzdug wr vkrz wkdw g�+w> w, @ g�+3> 3, iru doo w � 31 Lq ylhz ri +D189,/ doo wkdw qhhgv
wr eh grqh lv wr vkrz wkdw g�+3> 3, @ g�+4>4,=

+�. �,g�+3> 3, @ �[+3> 3,� +�. �,Oi �SX > �. �j
@ �[+3,� +�. �,Oi �SX > �. �j @ �[+4,� �SX+4,

@ +�. �,g�+4>4,>

zkhuh zh kdyh xvhg �[+3> 3, @ �[+3, lq wkh �uvw vwhs dqg �SX+3, @ �SX+4, dv zhoo dv htxdwlrq
+D187, lq wkh vhfrqg vwhs1

Zh kdyh qrz ghprqvwudwhg wkdw zlwk wkh vxlwdeoh erqg srolf|/ �E @ �E�/ doo jhqhudwlrqv
h{shulhqfh wkh vdph fkdqjh lq zhoiduh/ l1h1 g�+w> w, @ g�+y> 3, @ g�1 Wr hydoxdwh wkh frpprq
zhoiduh h�hfw rq doo jhqhudwlrqv/ lw vx!fhv wr hydoxdwh g�+4>4,1 Iluvw zh qrwh wkdw +D18:, eh
uhzulwwhq dv iroorzv=

+�. �,g�+4>4, @
k
�[+4,� �S +4,

l
�
k
�SX+4,� �S +4,

l
= +D197,

Qh{w zh ghgxfh iurp +D15;, wkdw=

�SX+4,� �S +4, @ �+4� �,
k
�wP � �S +4,

l
. +4� �,

k
�Z +4,� �S +4,

l
= +D198,

E| xvlqj +D193,/ +D195,/ +D196,/ dqg +D198, lq +D197,/ dqg lpsrvlqj �E @ �E�/ zh rewdlq wkh
uhtxluhg h{suhvvlrq iru g�=

+�. �,g� � �S +wP > vS ,�vS .�P+wP > vS ,�wP > +D199,

zkhuh �S +=, dqg �P+=, duh gh�qhg dv iroorzv=

�S +wP > vS , � ��+!� 4,+$I . �W$[,

+$I . �!,�W$[
. �

�
�W$[ . +4� �,+4� $[,

�W$[

�
��> +D19:,

�P+wP > vS , � ��+$I . $[,

+$I . �!,
� �+4� �,> +D19;,

zkhuh � lv gh�qhg dv iroorzv=

� � 4 . �+4� �,

�
!� $[
�W$[

�
. +4� �, +!� 4,

�
� � 4

�

�
@ 4 . �+4� �,

�
4� �

�

�
. +4� �, +!� 4,

�
� � 4

�

�
A 4= +D19<,

E| frpelqlqj +D19:,0+D19;, zh fdq ghulyh d xvhixo h{suhvvlrq uhodwlqj �P+=, dqg �S +=,=

�P+wP > vS , . �+4� �, @

�
�W$[+4� �,

�W$[ . +4� �,+4� $[, . �$[ ^+�W � 4,+4 . wP,� �W `

�
�
�
�

�
�W$[ . +4� �,+4� $[,

�W$[

�
��S +wP > vS ,

�
= +D1:3,

Wklv hvwdeolvkhv Uhvxow 7/ wkh frpsxwdwlrq ri wkh hjdolwduldq erqg srolf|1
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D1;16 Rswlpdo wdul� dqg surgxfw vxevlg|

Lq rughu wr hvwdeolvk Uhvxow 8 zh qrz suryh wkdw wkdw �P+wP > vS , @ �S +wP > vS , @ 3 iru wP @

4@+�W � 4, dqg vS @ � � 4/ l1h1 lq wkh �uvw0ehvw hjdolwduldq rswlpxp/ wkh srolf| pdnhu xvhv wP
dqg vS lq rughu wr vhw g� @ 3 lq htxdwlrq +D199,1 Iluvw/ zh vhw �P+wP > vS , @ 3 lq +D19;, dqg
vroyh iru �� zklfk zh wkhq vxevwlwxwh lqwr +D19:,=

�S @
�+4� �,+!� 4,+$I . �W$[,

�W$[+$[ . $I ,
��+4� �,

�
!� 4

�W$[

�
�+4� �,

�
4 . +!� 4,

�
� � 4

�

��

@
�+4� �,+!� 4,+�W � 4,� +4� �,�W +$[ . $I ,

k
4 . +!� 4,

�
��4
�

�l
�W +$[ . $I ,

= +D1:4,

Wkh h{suhvvlrq lq +D1:4, fdq eh ixuwkhu vlpsol�hg e| qrwlqj wkdw $I / $[ / dqg $OO fdq doo eh
zulwwhq lq whupv ri wkh sulplwlyh sdudphwhuv �/ !/ �/ dqg wkh suh0h{lvwlqj wdul� dqg surgxfw vxevlg|/
wP dqg vS =

4� $[ � $OO+4 . vS ,��

4� �
> $OO � !� 4

4 . !+� � 4,
> $[ . $I � +4� �,+4� $[,

+4 . wP,�
= +D1:5,

Diwhu vrph pdqlsxodwlrqv zh rewdlq=

�S @

�
�+4� �,+!� 4,

�W +$[ . $I ,

�57+�W � 4,� �W

�
4 . vS
4 . wP

�3C4 . +!� 4,
�
��4
�

�
4 . !+� � 4,

4D68
@

�
�+4� �,+!� 4,

+4 . wP,+$[ . $I ,

���
�W � 4

�W

�
+4 . wP,�

�
4 . vS

�

��
@

�
�+4� �,+!� 4,

��W +4 . wP,+$[ . $I ,

�
^�W +� � 4� vS , . � ^+�W � 4,wP � 4`` > +D1:6,

zklfk vkrzv wkdw �S @ 3 iru wP @ 4@+�W � 4, dqg vS @ � � 41
Qh{w/ zh xvh �S +wP > vS , @ 3 lq +D19:, dqg vroyh iru �� zklfk zh wkhq vxevwlwxwh lqwr +D19;,=

�P @
�W$[+$[ . $I ,

k
�+4� �,

�
!�4
�W$[

�
. +4� �,

�
4 . +!� 4,

�
��4
�

��l
+!� 4,+$I . �W$[,

� �+4� �,

@
�$[

k
�+4� �,+!� 4,+�W � 4,� +4� �,�W +$[ . $I ,

�
4 . +!� 4,

�
��4
�

��l
+!� 4,+$I . �W$[,

@
��+4� �,�W$[

+4 . wP,+$I . �W$[,

��
�W � 4

�W

�
+4 . wP,�

�
4 . vS

�

��
@

� ��+4� �,$[
�+$I . �W$[,+4 . wP,

�
^�W +� � 4� vS , . � ^+�W � 4,wP � 4`` > +D1:7,

zklfk vkrzv wkdw �P @ 3 iru wP @ 4@+�W � 4, dqg vS @ �� 41 Lw iroorzv iurp +D1:6, dqg +D1:7,
mrlqwo| wkdw wIP @ 4@+�W � 4, dqg vIS @ � � 41 Wklv hvwdeolvkhv Uhvxow 81

D1;17 Nqlih0hgjh fdvh

Wkh uhvxowv iru wkh nqlih0hgjh fdvh/ glvfxvvhg lq vhfwlrq 714 ri wkh sdshu/ duh rewdlqhg e| vhwwlqj
$I @ 3 lq wkh uhohydqw h{suhvvlrqv dsshdulqj lq wkh suhylrxv vxevhfwlrqv1 Zh �uvw qrwh wkdw iru
$I @ 3 zh kdyh=

$[ � 4� �

4 . �wP
> 4� $[ �

�
�+4 . wP,

4� �

�
$[ > +D1:8,
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vr wkdw +D1:3, vlpsol�hv wr=

�P+wP > vS , @

�
4� �

4 . �wP

��
��

�
wIP � wP
4 . wIP

�
��S +wP > vS ,

�
= +D1:9,

Htxdwlrq +D19:, fdq eh vlpsol�hg wr=

�S +wP > vS , @

�
��+4� �,+4 . �wP,

+4� �,+4 . wP, . �+4 . vS ,+4 . �wP,

�
�
��

4� �

4 . �wP

��
wP � wIP
4 . wIP

�
�
�
vS � vIS
4 . vIS

��
= +D1::,

E| frpelqlqj +D1:9, dqg +D1::, zh rewdlq wkh h{suhvvlrq iru �P+wP > vS ,=

�P+wP > vS , @ �
�
�+4� �,

4 . �wP

��
� .

+4� �,+4� �,�

+4� �,+4 . wP, . �+4 . vS ,+4 . �wP,

��
wP � wIP
4 . wIP

�
.

�
�+4� �,

4 . �wP

��
+4� �,+4 . �wP,

+4� �,+4 . wP, . �+4 . vS ,+4 . �wP,

��
vS � vIS

�
=

Dsduw iurp d wulyldo uhgh�qlwlrq ri �P+=, wklv lv wkh h{suhvvlrq irxqg lq wkh wh{w1

D1< Lqwhujhqhudwlrqdo zhoiduh h�hfwv

Zh qrz frpsxwh wkh lqwhujhqhudwlrqdo zhoiduh h�hfwv iru wkh fdvh zlwkrxw erqg srolf| dqg zlwk
d frqvwdqw surgxfw vxevlg| +l1h1 �vS @ �E @ 3 lq wklv vxevhfwlrq,1 Zh ghulyh iurp +D159, wkdw
�S +w, @ +4� �, �[+w, vr wkdw=

�[+w,� �S +w, @ � �[+w,= +D1:;,

E| xvlqj +WD16,/ +D158,/ dqg +D1:;, zh ghulyh wkh iroorzlqj h{suhvvlrq iru uhdo zdjhv=

�Z +w,� �S +w, @ � +!� 4,

�
� � 4

�

�
� �[+w,= +D1:<,

Ilqdoo|/ xvlqj +D159, dqg +D1:<, lq +D15;, zh jhw wkh iroorzlqj h{suhvvlrq iru wkh wuxh sulfh lqgh{
lq uhdo whupv=

�SX+w,� �S +w, @ �+4� �,�wP � +�� 4, � �[+w,> +D1;3,

zkhuh � lv gh�qhg lq +D19<, deryh1 Lw iroorzv iurp +D178, dqg Iljxuh 5 lq wkh wh{w wkdw=

vjq
k
�[+4,� �[+3,

l
@ vjq+u � �, @ vjq+$I , +D1;4,

Xvlqj +D1;4, lq +D1;3, |lhogv wkh frqfoxvlrq wkdw=

vjq
k�

�SX+4,� �S +4,
�
�
�
�SX+3,� �S +3,

�l
@ �vjq+$I ,=

D1<14 H{lvwlqj jhqhudwlrqv

E| xvlqj +D184,0+D185, dqg vhwwlqj �E @ 3/ wkh zhoiduh h�hfw rq h{wuhpho| rog h{lvwlqj jhqhudwlrqv
fdq eh zulwwhq dv iroorzv=

+�. �,g�+�4> 3, @

;AA?AA=
�+�. �,Oi �SX > �. �j iru u A �

�
�[+3,@$K

�
olp

y$�4
h+u��,y � +�. �,Oi �SX > �. �j @ .4 iru u ? �

=

+D1;5,
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E| xvlqj +D1;3, dqg +D159, zh ghulyh=

�SX+w, @ �+4� �,�wP . +4���, �[+w,= +D1;6,

Xvlqj +D187, dqg +D1;6, zh ghulyh=

+�. �,Oi �SX > �. �j @

�
�. �

�. � . �4

�
�SX+3, .

�
�4

�. � . �4

�
�SX+4,

@ �+4� �,�wP . +4���, +�. �,Oi �[>�. �j= +D1;7,

zkhuh Oi �[>�. �j vdwlv�hv=

+�. �,Oi �[>�. �j @

�
�. �

�. � . �4

�
�[+3, .

�
�4

�. � . �4

�
�[+4,

@

�
�4+u . � . �4,

+�5 � u,+�. � . �4,

��
$I . $[

�!

�
�wP A 3= +D1;8,

Lw iroorzv iurp +D1;8, +dqg lqghhg iurp Iljxuh 5 lq wkh wh{w, wkdw Oi �[>�. �j A 3 uhjdugohvv ri
wkh vljq ri $I 1 Khqfh wkh vljq ri Oi �SX > �. �j ghshqgv rq wkh vljq ri +4���,1 Lw iroorzv iurp
+D19<, wkdw=

4��� @ 4�
�
� . �+4� �, +4� �, . +4� �,� +!� 4,

�
� � 4

�

��
= +D1;9,

Wkh fdvhv glvfxvvhg lq irrwqrwh 48 ri wkh wh{w duh suryhg dv iroorzv1 Erwk li � @ 4 +h{rjhqrxv
oderxu vxsso|, dqg li � @ 4 +qr glyhuvlw| h�hfw, lw iroorzv gluhfwo| iurp +D1;9, wkdw 4 � �� @

+4� �,^4� �+4� �,` A 31
Wkh zhoiduh h�hfw rq qhzeruqv dw wkh wlph ri wkh vkrfn fdq eh zulwwhq dv iroorzv=

+�. �,g�+3> 3, @ +4@$K, �[+3,� +�. �,Oi �SX > �. �j= +D1;:,

E| frpsdulqj +D1;5, dqg +D1;:, lw iroorzv wkdw=

g�+3> 3,� g�+�4> 3, @

#
�[+3,

+�. �,$K

$�
4� olp

y$�4
h+u��,y

�+
A 3 iru u A �

@ �4 iru u ? �
> +D1;;,

zkhuh zh kdyh xvhg wkh idfw wkdw �[+3, A 3 uhjdugohvv ri wkh vljq ri $I 1

D1<15 Ixwxuh jhqhudwlrqv

Htxdwlrq +D18:, vkrzv wkdw wkh zhoiduh h�hfw rq jhqhudwlrqv eruq lq wkh qhz vwhdg| vwdwh fdq eh
zulwwhq dv iroorzv=

+�. �,g�+4>4, @ �[+4,� �SX+4,

@
k
�[+4,� �S +4,

l
�
k
�SX+4,� �S +4,

l
@ �� �[+4,� �+4� �,�wP > +D1;<,

zkhuh zh kdyh xvhg +D1:;, dqg +D1;3, lq jrlqj iurp wkh vhfrqg wr wkh wklug olqh1

4:



D1<16 Surri ri Sursrvlwlrq 4 +lll,

Zh suryh sduw +lll, ri sursrvlwlrq 4 e| h{suhvvlqj g�+�4> 3, dqg g�+4>4, lq ghyldwlrq iurp wkh
hjdolwduldq xwlolw| fkdqjh � zklfk zrxog eh rewdlqhg li dq hjdolwduldq erqg srolf| zhuh xvhg1 Lq
sduwlfxodu zh vkrz wkdw=

+�. �, ^g�+�4> 3,� �` @ �
k
�E � �E�

l
> +D1<3,

+�. �, ^g�+4>4,� �` @ ��@!
k
�E � �E�

l
> +D1<4,

zkhuh �E� lv=

�E� @

�
$I . $[
$I . !�

�
$I �wP > +D1<5,

dqg zh nhhs vS frqvwdqw +�vS @ 3,1 Zh �uvw vkrz krz +D1<3,0+D1<4, fdq eh rewdlqhg iurp/
uhvshfwlyho|/ +D1;5, dqg +D1;<,1 Wkhq zh frpsohwh wkh surri ri Sursrvlwlrq 4+lll, e| ghprqvwudwlqj
wkdw � A 3 iru u A �1 +Iru u ? �/ g�+�4> 3, $ 4 dqg/ vlqfh g�+4>4, lv �qlwh/ lw lv reylrxv
wkdw g�+4>4, ? g�+�4> 3,,1

Zh �uvw qrwh wkdw �[+3, dqg �[+4, fdq eh zulwwhq dv=

�[+3, @ �[� .

�
u � �

$I�5

�k
�E � �E�

l
> +D1<6,

�[+4, @ �[� �
�

4

�!

�k
�E � �E�

l
> +D1<7,

zkhuh �[� lv wkh h�hfw rq ixoo h{shqglwxuh xqghu wkh hjdolwduldq srolf|=

�[� @

�
$I . $[
$I . �!

�
�wP = +D1<8,

Lq ghulylqj +D1<6, zh kdyh xvhg +D176, dqg +D1<5, dqg iru +D1<7, zh kdyh xvhg +D193,/ +D1:;,/
dqg +D1<5,1 Lw iroorzv wkdw wkh Odsodfh wudqvirup iru �[ fdq eh zulwwhq dv=

+�. �,Oi �[>�. �j @

�
�. �

�. � . �4

�
�[+3, .

�
�4

�. � . �4

�
�[+4,

@ �[� .

��
�. �

�. � . �4

��
u � �

$I�5

�
�
�

�4
�. � . �4

��
4

�!

�� k
�E � �E�

l
@ �[� .

�
�4+�. � � u,

u�!+�. � . �4,

�k
�E � �E�

l
= +D1<9,

Wkh hjdolwduldq srolf| lv vxfk wkdw doo fxuuhqw jhqhudwlrqv hqmr| wkh vdph xwlolw| fkdqjh/ l1h1=

�[� @ �E�@$I = +D1<:,

E| xvlqj +D1;7,/ +D1<9, dqg +D1<:, lq +D184, zh jhw wkh h{suhvvlrq iru wkh frpprq zhoiduh fkdqjh=

+�. �,g�+�4> 3,� @ �E�@$I � +�. �,Oi �SX > �. �j�
@ �[� � �+4� �,�wP � +4���, �[�

@ �� �[� � �+4� �,�wP � +�. �,g�= +D1<;,

4;



E| xvlqj +D1<;, zh fdq zulwh g�+�4> 3, +iru wkh uhohydqw fdvh zlwk u A �, dv=

+�. �,g�+�4> 3, @ �E@$I � +�. �,Oi �SX > �. �j

@
�E � �E�

$I
.

�E�

$I
� +�. �,Oi �SX > �. �j�

�+4���,

�
�4+�. � � u,

u�!+�. � . �4,

�k
�E � �E�

l
@ +�. �,g� . �

k
�E � �E�

l
> +D1<<,

zkhuh � lv gh�qhg dv=

� � 4

$I
� +4���,

�
�4+�. � � u,

u�!+�. � . �4,

�
+D1433,

@
�4

u�!+�. � . �4,$I
.��

�
�4+�. � � u,

u�!+�. � . �4,

�
>

zkhuh �4 � u�!+�. � . �4,� �4+�. � � u,$I = E| xvlqj m�m @ ��4�5 iurp +D165, zh jhw=

�4 @
$I�4
+u � �,

^�5+�. � . �4,� +u � �,+�. � � u,`

@
$I�4
+u � �,

+�4 . u,+�4 . u . �,

zkhuh zh kdyh vxevwlwxwhg �5 @ �4 .5u�� wr jhw iurp wkh �uvw wr wkh vhfrqg olqh1 Vlqfh �4 A 3

lw iroorzv wkdw � A 31
Zh ghulyh +D1<4, dv iroorzv1 E| xvlqj +D1<7, dqg +D1<;, lq +D1;<, zh jhw=

+�. �,g�+4>4, @ �� �[+4,� �+4� �,�wP

@ ��

�
�[� �

�
4

�!

�k
�E � �E�

l�
� �+4� �,�wP

@ +�. �,g��
�
�

!

�k
�E � �E�

l
=

Lw iroorzv iurp +D1<3,0+D1<4, wkdw lq wkh devhqfh ri erqg srolf|/ g�+�4> 3, ? g� dqg g�+4>4, A

g�1 Wklv frpsohwhv wkh surri ri Sursrvlwlrq 4 dqg hvwdeolvkhv Uhvxow 61

D143 Rswlpdo srolf| zkhq o ' k

Lq wkh nqlih0hgjh fdvh zkhq wkh zruog udwh ri lqwhuhvw lv h{dfwo| htxdo wr wkh udwh ri wlph suhihuhqfh
+u @ �, wkh prgho ihdwxuhv d }hur fkdudfwhulvwlf urrw +�4 @ 3 lq +D167, dqg �5 @ u lq +D168,, dqg
wkh g|qdplfv lv ghjhqhudwh +vhh dovr Eodqfkdug +4<;8/ s1 563,,1 Hvvhqwldoo| wkh prgho lv vwdwlf
dv krxvhkrogv qhlwkhu vdyh qru glvvdyh1 Wkh vwhdg|0vwdwh lv dvvrfldwhg zlwk I @ 3 +dv E @ 3 e|
dvvxpswlrq, dqg doo jhqhudwlrqv kdyh wkh vdph ohyho ri +kxpdq, zhdowk dqg ixoo h{shqglwxuh/ l1h1
[+y> w, @ [+w, @ +� . �,K+w,1 Khqfh ghvslwh wkh idfw wkdw wkhuh duh ryhuodsslqj jhqhudwlrqv ri
�qlwho| olyhg djhqwv/ doo djhqwv duh hvvhqwldoo| lghqwlfdo1 Dsduw iurp wkhlu djh wkhuh lv qr gl�huhqfh
ehwzhhq jhqhudwlrqv1 Wklv surshuw| ri wkh }hur0urrw prgho lv dwwudfwlyh ehfdxvh lw doorzv xv wr
frqgxfw d vwdqgdug zhoiduh dqdo|vlv lq zklfk wkh vrfldo sodqqhu pd{lpl}hv wkh olihwlph xwlolw| ri
wkh uhsuhqwdwlyh krxvhkrog1

4<



D14314 Vrfldo rswlpxp

Wkh vrfldo sodqqhu fkrrvhv F/ ]/ O/ dqg S lq rughu wr pd{lpl}h olihwlph xwlolw| ri wkh uhsuhvhqwdwlyh
jhqhudwlrq=

� � �� orjF . �+4� �, orj] . +4� �, orj ^4� O` > +D1434,

vxemhfw wr wkh iroorzlqj frqvwudlqwv=


3O
� @ F .H3S

��W > +D1435,

] @ H3S
4��W > +D1436,

zkhuh zh ljqruh wkh +qrz vxshu xrxv, wlph lqgh{1 Htxdwlrq +D1435, lv wkh uhvrxufh frqvwudlqw lq
wkh vr0fdoohg frqvwudlqhg vrfldo rswlpxp zkhq wkh sodqqhu fdqqrw lq xhqfh wkh vl}h ri lqglylgxdo
�upv ehfdxvh oxps0vxp wd{hv2wudqvihuv dw wkh �up ohyho duh ghhphg wr eh devhqw +vhh Gl{lw dqg
Vwljolw} +4<::, dqg Eurhu dqg Khlmgud +5333,,1 Lqwxlwlyho|/ +D1435, vd|v wkdw surgxfwlrq +ohiw0kdqg
vlgh, htxdov grphvwlf frqvxpswlrq soxv h{sruwv +uljkw0kdqg vlgh,1 Htxdwlrq +D1436, lv wkh wudgh
edodqfh frqvwudlqw/ uhtxlulqj lpsruwv +ohiw0kdqg vlgh, wr htxdo h{sruw hduqlqjv +uljkw0kdqg vlgh,1
Wkh frqvwudlqw lv vwdwlf ehfdxvh wkh vrfldo sodqqhu/ olnh wkh krxvhkrogv/ kdv qr uhdvrq wr xvh wkh
fxuuhqw dffrxqw wr vprrwk frqvxpswlrq1

Wkh Odjudqjldq ri wkh vrfldo sodq lv=

KVS � �� orjF . �+4� �, orj] . +4� �, orj ^4� O` . �\
�

3O

� �F �H3S
��W

�
.�W

�
H3S

4��W � ]
�
>

vr wkdw wkh �uvw0rughu frqglwlrqv iru dq lqwhulru vroxwlrq wr wkh vrfldo rswlpxp duh wkh frqvwudlqwv
dqg=

��

F
@ �\ +D1437d,

�+4� �,

]
@ �W +D1437e,

4� �

4� O
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3O

��4 +D1437f,

�W
�\

@
4

S

�
�W

�W � 4

�
+D1437g,

D14315 Ghfhqwudol}hg hfrqrp|

Lq wkh ghfhqwudol}hg hfrqrp|/ wkh uhsuhvhqwdwlyh krxvhkrog fkrrvhv F/ ]/ dqg O lq rughu wr
pd{lpl}h +D1434, vxemhfw wr wkh +vwdwlf, exgjhw uhvwulfwlrq=

Z +4� O, . SF . +4 . wP,] @ Z � W= +D1438,

Wkh Odjudqjldq ri wkh krxvhkrog sodq lv=

KK � �� orjF . �+4� �, orj] . +4� �, orj ^4� O`

.�K ^Z � W �Z +4� O,� SF � +4 . wP,]` >
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vr wkdw wkh �uvw0rughu frqglwlrqv iru dq lqwhuqdo vroxwlrq wr wkh krxvhkrog rswlpxp duh wkh frq0
vwudlqw dqg=

��

F
@ �KS +D1439d,

�+4� �,

]
@ �K+4 . wP, +D1439e,

4� �

4� O
@ �KZ= +D1439f,

Wkh uhpdlqlqj h{suhvvlrqv d�hfwlqj wkh ghfhqwudol}hg vroxwlrq duh=

Z@S @

�
4 . vS

�

�
�
3O

��4 +D143:d,

\@S @ 
3O
� +D143:e,

vS\ @ W . wP] +D143:f,

\@S @ F .H3S
��W +D143:g,

] @ H3S
4��W = +D143:h,

Wkh rqo| h{suhvvlrq zduudqwlqj vrph frpphqw lv +D143:d, zklfk lv wkh pdunxs sulflqj uxoh1 Lw lv
ghulyhg dv iroorzv1 Iluvw/ e| xvlqj S @ �SQ4�� lq wkh sulflqj uxoh +htxdwlrq +48, lq wkh wh{w zlwk
Sl @ �S lpsrvhg, zh jhw Z@S @ ^+4 . vS ,@+�n,`Q

��41 Zh dovr nqrz wkdw Q @ ^+� � 4,@+�i,`O

+vhh ehorz +D143,, vr wkdw Z@S fdq eh uhzulwwhq dv lq +D143:d,1

D14316 Pdwfklqj �uvw0rughu frqglwlrqv

E| xvlqj/ uhvshfwlyho|/ +D1439d,/ +D1439f, dqg +D143:d, dqg +D1437d, dqg +D1437f, zh rewdlq=

+4� �,@+4� O,

��@F
@

�
4 . vS

�

�
�
3O

��4> +D143;,

+4� �,@+4� O,

��@F
@ �
3O

��4= +D143<,

Vlploduo|/ e| frpelqlqj uhvshfwlyho| +D1439d, dqg +D1439e, dqg +D1437d,/ +D1437e, dqg +D1437g,
zh ghulyh=

+4� �,@]

�@F
@

4 . wP
S

> +D1443,

+4� �,@]

�@F
@

4

S

�
�W

�W � 4

�
= +D1444,

E| pdwfklqj/ uhvshfwlyho|/ +D143;, dqg +D143<, dqg +D1443, dqg +D1444, zh ghulyh wkdw wkh
ghfhqwudol}hg pdunhw htxloleulxp uhsolfdwhv wkh vrfldo rswlpxp iru wkh iroorzlqj ydoxhv ri wkh
wdul� dqg surgxfw vxevlg|=

4 . vS @ �> 4 . wP @

�
�W

�W � 4

�
= +D1445,

Wkhvh ydoxhv frlqflgh zlwk wkh rswlpdo ydoxhv lq wkh hjdolwduldq vroxwlrq iru wkh jhqhudo prgho
+zlwk u 9@ �,1 Wkh rswlpdo surgxfw vxevlg| lv vhw wr h{sorlw wkh surgxfw glyhuvlw| h�hfw zkhuhdv
wkh rswlpdo wdul� h{sorlwv qdwlrqdo pdunhw srzhu1
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Uhihuhqfhv

Eodqfkdug/ R10M1 +4<;8,1 Ghewv/ gh�flwv/ dqg �qlwh krul}rqv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ <6=556�
57:1

Eurhu/ G1 S1 dqg Khlmgud/ E1 M1 +iruwkfrplqj,1 Wkh lqyhvwphqw wd{ fuhglw xqghu prqrsrolvwlf
frpshwlwlrq1 R{irug Hfrqrplf Sdshuv1

Gl{lw/ D1 N1 dqg Vwljolw}/ M1 H1 +4<::,1 Prqrsrolvwlf frpshwlwlrq dqg rswlpxp surgxfw glyhuvlw|1
Dphulfdq Hfrqrplf Uhylhz/ 9:=5<:�63;1

Mxgg/ N1 O1 +4<;5,1 Dq dowhuqdwlyh wr vwhdg|0vwdwh frpsdulvrqv lq shuihfw iruhvljkw prghov1 Hfr0
qrplfv Ohwwhuv/ 43=88�8<1

Mxgg/ N1 O1 +4<<;,1 Qxphulfdo Phwkrgv lq Hfrqrplfv1 PLW Suhvv/ Fdpeulgjh/ PD1
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