




that the pooling rate remains relatively close to the mortality rate of the unhealthy which

postpones the borrowing age somewhat – compare Figures 3(d) and 4(a). Third, a comparison

between panels (d) and (e) of Table 2 yields virtually identical conclusions as were obtained

for the core case.

Finally, in panels (f)–(e) of Table 2 and Figures 4(c)–(d) we characterize the “Healthy”

case, in which the unhealthy are a minority (πH = 3
4 and πU = 1

4). The conclusions from this

case are the mirror images of those from the “Unhealthy” case.

3.3 Welfare analysis

In the previous subsection we have shown that the growth effects of “pooling versus sepa-

ration” are rather small even though the difference in mortality risks faced by healthy and

unhealthy individuals is rather large especially at older ages (see Figure 1(b)). But economic

growth is not the only relevant indicator. A key question is, to what extent does it matter to

individuals whether or not the annuity markets are perfect (SE) or imperfect (PE)?

To address this question, the last two rows of Table 2 report the lifetime utility scores

for newborns (of both health type) at some base year v0. We normalize the wage rate for

that generation to unity, w (v0) = 1. As Table 2 reveals, welfare is higher under the SE than

under the PE, i.e. ΛSE
j (v0, v0) > ΛPE

j (v0, v0) for j ∈ {H, U}. In order to obtain some feel

for the significance of these differences, we compute lost growth years under annuity market

equilibrium i relative to the separating equilibrium as follows:

LGY i
j =

1

gi
·
ΛSE

j (v0, v0) − Λi
j (v0, v0)

∫ D̄j

0 e−ρs−Mj(s)ds
. (27)

Intuitively, LGY i
j is equal to v1 − v0 such that ΛSE

j (v0, v0) = Λi
j (v1, v1). How far into the

future must a newborn arrive under annuity market i in order to be equally well off as a base-

year newborn in the SE? Since wage growth explains why newborn lifetime utility increases

over time, the macroeconomic growth rate under annuity market i features in (27).

For i = PE the comparison is between the PE and the SE and we find that LGY PE
H =

1.3478 years and LGY PE
U = 1.2439 years. By all accounts the annuity market imperfection due

to pooling is rather small in welfare terms. At birth, the unhealthy have a life expectancy8

of 56.62 years and for them the lost growth years amount to about 14.9 months. For the

8Life expectancy at birth for type j individuals is equal to
∫ D̄j

0
e−Mj(s)ds.
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(a) scaled individual consumption (b) scaled individual assets
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Figure 5: Equilibrium with missing annuity market

healthy the results are 16.2 months of lost growth on an expected lifetime at birth of 51.48

years. These are not of an order of magnitude that should worry the policy maker.

At first sight it might appear as though the above results imply that the pooling equilib-

rium does not exist. Both the unhealthy agents and the healthy agents as a group are better

of by truthfully signaling their health status to the annuity firms. As a separating equilibrium

gives them higher utility, this announcement would be credible. However, each healthy agent

as an individual has an incentive to deviate from the optimal group strategy. Once the sepa-

rating equilibrium is realized, posing as an unhealthy (low risk) agent and receiving the higher

annuity premium is optimal given that the other agents are honest in their health claim. In-

deed, a cheating healthy individual would attain a welfare level of ΛSE ,C
H (v0, v0) = 10.4983

which far exceeds the truth-telling value of ΛSE
H (v0, v0) = 9.4936. There thus exists a free-

rider problem: as each healthy agent has an incentive to cheat and they cannot coordinate

their actions, the pooling equilibrium will be the inevitable, yet suboptimal, outcome.

The crucial thing to note is that in the PE, individuals are able to insure themselves

against longevity risk. Even with imperfect insurance opportunities, the welfare gains due to

annuitization are huge. To illustrate this phenomenon, we compute the general equilibrium

outcome for the core case when no annuities are available at all. We label this no-annuities
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equilibrium NAE, report it in Table 2(c), and visualize it in Figure 5. Panel (c) of Table 2

reveals that in the NAE the growth rate is only 1.33 percent per annum and that both health

groups encounter binding borrowing constraints rather early on in life. Not surprisingly, the

lost growth year indicators are very large. For the healthy we find LGY NAE
H = 8.6764 years,

whilst for the unhealthy we obtain LGY NAE
U = 8.2202 years.

4 Conclusions

We have constructed a consistent general equilibrium model featuring endogenous economic

growth and overlapping generations of heterogeneous agents distinguished by health status.

Since an individual’s health status and annuity purchases are private information, competi-

tive annuity firms offer linear contracts so that a risk pooling equilibrium emerges. In this

equilibrium the healthy (high-risk) individuals benefit from the market presence of unhealthy

(low-risk) annuitants. The model gives a partial explanation for the annuity puzzle. At high

ages, low-risk individuals cease to purchase annuities and impose a borrowing constraint on

themselves. Interestingly, the growth and welfare effects of the annuity market imperfec-

tion due to adverse selection are rather small. The annuity puzzle may be quantitatively

unimportant after all.

In future works we hope to pursue the following extensions. First, we wish to endogenize

the labour supply decision in order to investigate the retirement effects of annuity market

imperfections. In that context we will also introduce social annuity schemes such as a PAYG

pension system. Second, we wish to model the optimal schooling decision by individuals in

an adverse selection setting and study the effects on aggregate human capital formation and

macroeconomic growth. Finally, we want to extend the model to include multiple health

types and study the emergence of joint pooling equilibria for annuities and life-insurance.
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Appendix A: Proof of Proposition 1

In a separating equilibrium we have Mj(u) = Pj(u) for all 0 ≤ u ≤ D̄U as pj(u) = µj(u) for

all 0 ≤ u ≤ D̄j . Since ρ < r − g we find:

c̄j(v, v)

w(v)
=

∫ D̄j

0 e−(r−g)u−Mj(u) du
∫ D̄j

0 e−ρu−Mj(u) du
< 1. (A.1)

Let u ∈ [0, D̄j ] be the age of the consumer. Then we can write:

āj(v, v + u)

w(v)
e−ru−Mj(u) = Γj(u), (A.2)

where Γj : [0, D̄j ] → R is defined by:

Γj(u) =

∫ u

0
e−(r−g)s−Mj(s)ds −

c̄j(v, v)

w(v)

∫ u

0
e−ρs−Mj(s)ds. (A.3)

As Γj is a continuous function defined on a closed and bounded interval [0, D̄j ], we know that

Γj has a global maximum and a global minimum on its domain. Candidates for these extreme

points are the boundaries of the domain and the interior critical points. For the boundary

points we find Γ(0) = Γ(D̄j) = 0 as āj(v, v) = āj(v, v + D̄j) by the initial condition and the

property of nonsaturation.

Using Leibnitz’ rule, we find that the first order derivative of Γ is given by:

Γ′
j(u) = e−(r−g)u−Mj(u) −

c̄j(v, v)

w(v)
e−ρu−Mj(u)

= e−Mj(u)

[

e−(r−g)u −
c̄j(v, v)

w(v)
e−ρu

]

. (A.4)

The unique interior root of this equation is:

u∗ ≡ −
1

r − g − ρ
· ln

(

c̄j(v, v)

w(v)

)

, (A.5)

where u∗ > 0 as c̄j(v, v)/w(v) < 1 and r − g > ρ by assumption. We find that Γ′
j(u) > 0 for

0 ≤ u < u∗ and Γ′
j(u) < 0 for u∗ < u < D̄j . We conclude that Γj has a global maximum

at u∗ and a global minimum at 0 and D̄j . As this global minimum equals zero, we find

āj(v, v + u) > 0 for all u ∈ (0, D̄j). �
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Appendix B: Proof of Proposition 2

The pooling equilibrium only exists if the health types cannot be distinguished. The case with

only borrowers (āH (v, v + u) ≤ 0 and āU (v, v + u) ≤ 0) is inconsistent with a macroeconomic

equilibrium in a closed economy. This leaves us with the alternative case, with some savers,

i.e. āH (v, v + u) ≥ 0 and āU (v, v + u) ≥ 0 with strict equality for some type and/or u. The

feasible pooling rate is defined as:

p̄ (u) =











µH (u) · aH (v, v + u) + µU (u) · aU (v, v + u)

aH (v, v + u) + aU (v, v + u)
for 0 < u ≤ D̄U

µH (u) for D̄U < u < D̄H

.

It follows that:

µH (s) ≤ p̄ (s) ≤ µU (s) , for 0 < s ≤ D̄U ,

MH (u) ≤ P̄ (u) ≤ MU (u) , for 0 < u ≤ D̄U ,

P̄ (u) = P̄
(

D̄U

)

+

∫ u

D̄U

µH (s) ds, for D̄U < u ≤ D̄H .

For type H individuals we easily find:

(

c̄H (v, v)

w (v)

)PE

=

∫ D̄H

0 e−(r−g)s−P̄ (s)ds
∫ D̄H

0 e−ρs−MH(s)ds
=

∫ D̄H

0 f (s) · e−(r−g)s−MH(s)ds
∫ D̄H

0 e−ρs−MH(s)ds
,

where the superscript “PE” stands for pooling equilibrium and f (s) is defined as follows:

f (s) ≡ eMH(s)−P̄ (s) ≤ 1 for 0 < s ≤ D̄H ,

f (0) = 1,

f ′ (s) = [µH (s) − p̄ (s)] · f (s) ≤ 0.

It follows immediately that:

(

c̄H (v, v)

w (v)

)PE

≤

(

c̄H (v, v)

w (v)

)SE

< 1,

(

˙̄aH (v, v)

w (v)

)PE

= 1 −

(

c̄H (v, v)

w (v)

)PE

≥

(

˙̄aH (v, v)

w (v)

)SE

= 1 −

(

c̄H (v, v)

w (v)

)SE

> 0,

the superscript “SE” stands for the separating equilibrium. The H-types start saving more

vigorously at the start of life. The assets of H-individuals satisfy:

āH (v, t)

w (v)
·e−ru−P̄ (u) =

(

c̄H (v, v)

w (v)

)PE

·

∫ D̄U

u

e−ρs−MH(s)ds−

∫ D̄U

u

f (s) e−(r−g)s−MH(s)ds ≡ ΞH (u) ,

27



with ΞH (0) = ΞH

(

D̄H

)

= 0. Taking the first derivative we obtain:

Ξ′
H (u) = e−MH(u) ·

[

f (u) e−(r−g)u −

(

c̄H (v, v)

w (v)

)PE

e−ρu

]

.

Hence, the stationary point, u∗
H , is such that:

(

c̄H (v, v)

w (v)

)PE

· e(r−g−ρ)u∗

H = f (u∗
H) . (B.1)

The second derivative (evaluated at u∗
H) is:

Ξ′′
H (u∗

H) = −e−MH(u∗

H)−(r−g)u∗

H ·
[

(r − g − ρ) f (u∗
H) − f ′ (u∗

H)
]

< 0,

so we have a unique interior maximum, and ΞH (u) > 0 for 0 < u < D̄H . We conclude that:

āH (v, v)

w (v)
=

āH

(

v, v + D̄H

)

w (v)
= 0,

āH (v, v + u)

w (v)
> 0 for 0 < u ≤ D̄H .

Except at the start and the end of life, the H-types keep positive assets throughout. It

follows that we can establish the strict inequalities p̄ (s) < µU (s) and P̄ (u) < MU (u) for

0 < s, u ≤ D̄U .

For type U individuals we find:

(

c̄U (v, v)

w (v)

)PE

=

∫ D̄U

0 e−(r−g)s−P̄ (s)ds
∫ D̄U

0 e−ρs−MU (s)ds
=

∫ D̄U

0 h (s) · e−(r−g)s−MU (s)ds
∫ D̄U

0 e−ρs−MU (s)ds
,

where h (s) is given by:

h (s) ≡ eMU (s)−P̄ (s) > 1 for 0 < s ≤ D̄U ,

h (0) = 1,

h′ (s) = [µU (s) − p̄ (s)] · h (s) > 0.

It follows that type U individuals consume more at birth in the pooling equilibrium than in

the separating equilibrium:

(

c̄U (v, v)

w (v)

)PE

>

(

c̄U (v, v)

w (v)

)SE

.

We can rule out that the left-hand side is greater than one, because then the U-types would

start to borrow immediately (which is inconsistent with the PE). The assets of type U indi-

viduals satisfy:

āU (v, t)

w (v)
·e−ru−P̄ (u) =

(

c̄U (v, v)

w (v)

)PE ∫ D̄U

u

e−ρs−MU (s)ds−

∫ D̄U

u

h (s) e−(r−g)s−MU (s)ds ≡ ΞU (u) ,
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with ΞU (0) = ΞU

(

D̄U

)

= 0. Taking the first derivative we obtain:

Ξ′
U (u) = e−MU (u) ·

[

h (u) e−(r−g)u −

(

c̄U (v, v)

w (v)

)PE

e−ρu

]

.

Hence, a stationary point, u∗
U is such that:

(

c̄U (v, v)

w (v)

)PE

· e(r−g−ρ)u∗

U = h (u∗
U ) . (B.2)

Note that both sides are increasing in u∗
U opening up the possibility of multiple equilibria.

The second derivative (evaluated at u∗
U ) is:

Ξ′′
U (u∗

U ) = −h (u∗
U ) e−MU(u∗

U)−(r−g)u∗

U ·
[

(r − g − ρ) − [µU (u∗
U ) − p̄ (u∗

U )]
]

S 0,

where we have used the fact that h′ (u∗
U ) = [µU (u∗

U ) − p̄ (u∗
U )] ·h (u∗

U ). There are two interior

optima. Since r − g > ρ and µU (u) − p̄ (u) ≈ 0 for low u, the first stationary point u∗
U1 is a

maximum (Ξ′′
U (u∗

U1) < 0). But limu→D̄U
[µU (u) − p̄ (u)] → ∞ so the second optimum u∗

U2 is

a minimum (Ξ′′
U (u∗

U2) > 0). Since both sides of (B.2) are convex exponential functions, there

can only be two stationary points so the second optimum is associated with negative assets.

We conclude that:

āU (v, v + u)

w (v)
= 0 (for u = 0 and S̄U ≤ u ≤ D̄U ),

āU (v, v + u)

w (v)
> 0 (for 0 < u < S̄U ).

Type U individuals deplete their assets before reaching the maximum attainable age. �
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