
Irxqgdwlrqv ri Prghuq Pdfurhfrqrplfv

Ehq M1 Khlmgud
Xqlyhuvlw| ri Jurqlqjhq

Dsulo 5335

Vroxwlrqv iru sureohpv wr Fkdswhu 4:

Txhvwlrq 4

Sduw +d,

Wkh hdvlhvw zd| wr ghulyh wkh h{suhvvlrq iru wkh uhqwdo udwh rq fdslwdo lv wr prgho h{solflwo|

wkh lqyhvwphqw surfhvv1 Li dq lqyhvwru sxufkdvhv N| xqlwv ri fdslwdo lq shulrg w wkhq kh

zloo rewdlq ixwxuh uhqwdo sd|phqwv/ Ug
|n�/ soxv wkh xqghsuhfldwhg sduw ri wkh fdslwdo vwrfn/

+4� �,N|1 Khqfh/ wkh sur�w iurp lqyhvwlqj lv=

�U
| � �N| .

Ug
|n�N| . +4� �,N|

4 . u|n�
> +D4,

zkhuh ixwxuh uhyhqxhv duh glvfrxqwhg zlwk wkh uhdo lqwhuhvw udwh/ u|n�1 Wkh lqyhvwphqw sur�w lv

pd{lpl}hg e| fkrlfh ri N| dqg wkh �uvw0rughu frqglwlrq +iru dq lqwhulru vroxwlrq/ zlwk N| A 3,

lv=

g�U
|

gN|
@ �4 .

Ug
|n� . +4� �,

4 . u|n�
@ 3> +D5,

iurp zklfk zh ghulyh wkdw u|n� @ Ug
|n� � �1

Sduw +e,

Wkh krxvhkrog*v frqvrolgdwhg exgjhw uhvwulfwlrq lv rewdlqhg e| frpelqlqj +5,0+6,=

Z| @ Ft
| .

F�
|n�

4 . u|n�
= +D6,

Wkh |rxqj krxvhkrog fkrrvhv Ft
| dqg F�

|n� +dqg/ lpsolflwo|/ V|, lq rughu wr pd{lpl}h �t
|

+jlyhq lq +4,,1 Wkh Odjudqjldq h{suhvvlrq iru wklv rswlpl}dwlrq sureohp lv=

O � orjFt
| .

�
4

4 . �

�
orjF�

|n� . �

%
Z| �Ft

| � F�
|n�

4 . u|n�

&
>

4



5 Khlmgud dqg ydq ghu Sorhj= Irxqgdwlrqv ri Prghuq Pdfurhfrqrplfv

zkhuh � lv wkh Odjudqjh pxowlsolhu1 Wkh �uvw0rughu frqglwlrqv duh wkh frqvwudlqw dqg CO@CFt
| @

CO@CF�
|n� @ 3=

4

Ft
|

@ �> +D7,�
4

4 . �

�
4

F�
|n�

@
�

4 . u|n�
= +D8,

E| frpelqlqj +D7,0+D8, zh �qg wkh frqvxpswlrq Hxohu htxdwlrq=

F�
|n�

Ft
|

@
4 . u|n�

4 . �
= +D9,

Dffruglqj wr +D9,/ li u|n� h{fhhgv +idoov vkruw ri, �/ wkhq ixwxuh frqvxpswlrq zloo eh kljkhu

+orzhu, wkdq fxuuhqw frqvxpswlrq1 E| vxevwlwxwlqj +D9, lqwr wkh olihwlph exgjhw frqvwudlqw

+D6, zh fdq �qg wkh vroxwlrqv iru Ft
| dqg F�

|n�1 Iru F
t
| zh �qg=

Ft
| .

F�
|n�

4 . u|n�
@ Z| /

Ft
| .

Ft
|

4 . �
@ Z| /

Ft
| @

�
4 . �

5 . �

�
Z|= +D:,

E| xvlqj +D:, lq/ uhvshfwlyho|/ +D9, dqg +5, zh �qg wkh h{suhvvlrqv iru F�
|n� dqg V|=

F�
|n� @

�
4 . u|n�

4 . �

�
Ft
| @

�
4 . u|n�

5 . �

�
Z|> +D;,

V| @ Z| �Ft
| @

Z|

5 . �
= +D<,

Zh revhuyh wkdw vdylqj lv sursruwlrqdo wr zdjh lqfrph ri wkh |rxqj1

Wkh uhsuhvhqwdwlyh �up kluhv fdslwdo dqg oderxu iurp wkh krxvhkrogv1 Diwhu0wd{ sur�w lv

gh�qhg dv=

�| � +4� �,I +N|> O|,�Z|O| �Ug
| N|> +D43,

zkhuh � lv dq rxwsxw wd{ xvhg lq sduw +h, ri wklv txhvwlrq1 Sur�w pd{lpl}dwlrq |lhogv wkh

xvxdo �uvw0rughu frqglwlrqv=
C�|

CO|
@ 3 = +4� �,Iu+N|> O|, @ Z|> +D44,

C�|

CN|
@ 3 = +4� �,Ig+N|> O|, @ Ug

| = +D45,

Vlqfh whfkqrorj| ihdwxuhv FUWV/ h{fhvv sur�wv duh }hur +�| @ 3,1

Wr ghulyh wkh olqn ehwzhhq vdylqj e| wkh |rxqj dqg wkh ixwxuh fdslwdo vwrfn/ zh qhhg wr

gr vrph errnnhhslqj1 Wkh hfrqrp|0zlgh uhvrxufh frqvwudlqw lv=

\| . +4� �,N| @ N|n� .F|> +D46,



Vroxwlrqv iru sureohpv wr Fkdswhu 4: 6

zkhuh F| lv wrwdo frqvxpswlrq +e| |rxqj dqg rog,1 Wkh |rxqj frqvxph Ft
| @ Z| � V +Z|,

+zkhuh V+�, lv jlyhq lq +D<, deryh, dqg wkh rog frqvxph F�
| @ +u| . �,N|.+4� �,N|1 Vlqfh

zh devwudfw iurp srsxodwlrq jurzwk/ wrwdo frqvxpswlrq lv=

F| � Ft
| .F�

|

@ Z| � V +Z|, . +u| . �,N| . +4� �,N|= +D47,

Zlwk d }hur rxwsxw wd{ +� @ 3, zh kdyh wkdw I +N|> O|, @ Z| . +u| . �,N| vr wkdw +D47,

vlpsol�hv wr=

\| . +4� �,N| @ F| . V +Z|, = +D48,

Ilqdoo|/ e| htxdwlqj +D46, dqg +D48, zh �qg wkh ghvluhg h{suhvvlrq olqnlqj V+Z|, dqg N|n�=

N|n� @ V+Z|,= +D49,

Sduw +f,

Dffruglqj wr +D44,/ wkh zdjh udwh htxdov wkh pdujlqdo surgxfw ri fdslwdo +uhfdoo wkdw � @ 3

khuh,1 E| xvlqj +8, zh �qg=

Iu+N|> O|, @ D
k
�N

Ej3��*j
| . +4� �,O

Ej3��*j
|

lj*Ej3��3�
+4� �,O

3�*j
|

@ +4� �,D
k
�N

Ej3��*j
| . 4� �

l�*Ej3��
> +D4:,

zkhuh zh kdyh vxevwlwxwhg O| @ 4 lq wkh vhfrqg olqh1 E| xvlqj +D4:, dqg qrwlqj wkdw

Z| @ Iu+N|> 4, zh �qg=

Z|

N|
@ +4� �,D

k
�N

Ej3��*j
| . 4� �

l�*Ej3��
N|

= +D4;,

Zh xvh +D4;, wr ghulyh wkh ydulrxv olplwv1 Iru wkh orzhu olplw zh �qg=

olp
g|<f

Z|

N|
@ +4� �,D

olp
g|<f

k
�N

Ej3��*j
| . 4� �

l�*Ej3��
olp
g|<f

N|
@ 4= +D4<,

Wkh xsshu olplw lv prvw hdvlo| frpsxwhg e| �uvw uhzulwlqj +D4;, vrphzkdw=

Z|

N|
@ +4� �,D

k
�. +4� �,N

E�3j�*j
|

l�*Ej3��
N

�*j
|

N|
= +D53,

E| ohwwlqj N| $ 4 lq +D53, zh �qg wkdw=

olp
g|<"

Z|

N|
@ +4� �,D��*Ej3�� olp

g|<"

N
E�3j�*j
| @ 3> +D54,
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Kt

E0

Wt / Kt

�1

Kt+1/Kt

Kt+1/Kt =(1/(2+D))Wt /Kt

K*

Iljxuh 4= Kdpshuhg hqgrjhqrxv jurzwk lq wkh ROJ prgho

zkhuh zh kdyh xvhg wkh idfw wkdw olpg|<"
N

E�3j�*j
| @ 3 dv � A 41 Lw iroorzv wkdw/ iru � A 4/

wkh udwlr ehwzhhq zdjhv dqg wkh fdslwdo vwrfn jrhv wr }hur dv wkh fdslwdo vwrfn jhwv odujh1

Lq Iljxuh 4 zh looxvwudwh wkh g|qdplf surshuwlhv ri wkh prgho1 Rq wkh yhuwlfdo d{lv zh

phdvxuhZ|@N| dqgN|n�@N| dqg rq wkh krul}rqwdo d{lvN|1 Wkh krul}rqwdo olqh ghslfwv vwhdg|

vwdwhv/ iru zklfk N|n�@N| @ 41 Wkh grzqzdug vorslqj olqh lv wkh judsklfdo uhsuhvhqwdwlrq ri

+D49, +zlwk htxdwlrq +D<, lqvhuwhg,=

N|n�

N|
@

�
4

5 . �

�
Z|

N|
= +D55,

Lq ylhz ri +D4<, dqg +D54,/ wklv olqh lv yhuwlfdo qhdu wkh ruljlq dqg dssurdfkhv wkh krul}rqwdo

d{lv dv wkh fdslwdo vwrfn jhwv odujh1 Lw iroorzv wkdw wkh prgho srvvhvvhv d xqltxh vwhdg| vwdwh

dw Hf dqg wkdw jurzwk ydqlvkhv lq wkh orqj uxq/ l1h1 �g
"

@ 31

Sduw +g,

Ghvslwh wkh idfw wkdw wklv lv d �fdslwdo0ixqgdphqwdolvw� prgho/ zlwk hdv| vxevwlwxwlrq ehwzhhq

fdslwdo dqg oderxu/ wkhuh lv qr orqj0uxq jurzwk1 Lqwxlwlyho| wklv lv ehfdxvh wkh vdylqjv udwh lv

wrr orz1 Vdylqjv ghshqgv rq zdjhv ri wkh |rxqj +vhh +D<,, exw dv N| jhwv odujh wkh Z|@N|

udwlr +dqg wkxv dovr wkh V|@N| udwlr, jhwv vpdoohu dqg vpdoohu1 Wklv h{foxghv wkh srvvlelolw|

ri hqgrjhqrxv jurzwk dv wkhuh h{lvwv dq xsshu olplw rq wkh dprxqw ri fdslwdo wkdq fdq eh

vxvwdlqhg e| wkh vdylqjv sodqv ri wkh |rxqj1
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Sduw +h,

Wkh exgjhw lghqwlw| +5, lv fkdqjhg wr=

Ft
| . V| @ Z| . Wt

| > +D56,

vr wkdw +D6, ehfrphv=

Z| . Wt
| @ Ft

| .
F�
|n�

4 . u|n�
= +D57,

E| xvlqj +D9, dqg +D57, zh �qg wkdw frqvxpswlrq gxulqj |rxwk lqfuhdvhv dv d uhvxow ri wkh

wudqvihuv=

Ft
| @

�
4 . �

5 . �

��
Z| . Wt

|

�
= +D58,

E| xvlqj +D58, lq +D56, zh �qg wkdw wkh vdylqjv htxdwlrq lv jlyhq e|=

V| @

�
4

5 . �

��
Z| . Wt

|

�
= +D59,

Khqfh/ vdylqj dovr lqfuhdvhv dv d uhvxow ri wkh wudqvihuv1 Wklv lv reylrxv/ dv wkh krxvhkrog

zdqwv wr xvh vrph ri wkh wudqvihuv wr vxssruw d kljkhu frqvxpswlrq ohyho gxulqj rog djh1

Wkh jryhuqphqw exgjhw lghqwlw| lv jlyhq e|=

�\| @ Wt
| = +D5:,

Iru wkh uhsuhvhqwdwlyh �upv wkh h{suhvvlrqv lq +D44,0+D45, duh doo vwloo ydolg1 Wkh uhvrxufh

frqvwudlqw lv dovr vwloo dv suhvhqwhg lq +D46,1 Wrwdo frqvxpswlrq/ F|/ lv qrz=

F| � Ft
| .F�

|

@ Z| . Wt
| � V

�
Z| . Wt

|

�
. +u| . �,N| . +4� �,N|= +D5;,

Zh �qg iurp +D43,0+D45, wkdw=

+4� �,\| @ Z| . +u| . �,N|= +D5<,

E| xvlqj +D5:, dqg +D5<, lq +D5;, zh �qg htxdwlrq +D48, djdlq1 Lw iroorzv wkdw N|n� @

V+Z| . �\|, ru/ e| xvlqj +D59,/ wkdw=

N|n�

N|
@

�
4

5 . �

��
Z|

N|
.

�\|
N|

�
= +D63,

Htxdwlrq +D63, lv wkh ixqgdphqwdo gl�huhqfh htxdwlrq iru wkh fdslwdo vwrfn1

Lq rughu wr looxvwudwh wkh srvvlelolw| ri hqgrjhqrxv jurzwk zh pxvw �uvw �jxuh rxw zkdw

kdsshqv wr \|@N| dv N| jhwv odujh1 Zh ghulyh iurp +8,=

\|
N|

@
D

N|

k
�N

Ej3��*j
| . +4� �,O

Ej3��*j
|

lj*Ej3��
@ D

k
N

E�3j�*j
|

�
�N

Ej3��*j
| . +4� �,O

Ej3��*j
|

�lj*Ej3��
@ D

k
�. +4� �,N

E�3j�*j
|

lj*Ej3��
> +D64,
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Kt

1

Kt+1/Kt

Kt+1/Kt =(1/(2+D))[Wt +JYt]/Kt

1+(*

Iljxuh 5= Hqgrjhqrxv jurzwk zlwk wudqvihuv wr wkh |rxqj

zkhuh zh kdyh vxevwlwxwhg O| @ 4 lq jhwwlqj wr wkh �qdo h{suhvvlrq1 Lw iroorzv iurp +D64,

wkdw=

olp
g|<"

\|
N|

@ D�j*Ej3�� A 3= +D65,

E| wdnlqj olplw rq erwk vlghv ri +D63, dqg qrwlqj +D54, dqg +D65, zh �qg wkdw=

olp
g|<"

N|n�

N|
@

�
4

5 . �

��
olp

g|<"

Z|

N|
. � olp

g|<"

\|
N|

�

@

�
�

5 . �

�
D�j*Ej3��= +D66,

Wkhuh duh qrz wzr srvvlelolwlhv=

� Li wkh uljkw0kdqg vlgh ri +D66, lv ohvv wkdq xqlw|/ wkhq wkhuh lv vwloo qr hqgrjhqrxv

jurzwk1 Wkh hfrqrp| uhdfkhv d xqltxh vwhdg| vwdwh/ mxvw dv lq Iljxuh 41

� Li wkh uljkw0kdqg vlgh ri +D66, lv odujhu wkdq xqlw|/ wkhq wkhuh lv hqgrjhqrxv jurzwk dv

N|n�@N| lv erxqghg dzd| iurp wkh vwhdg|0vwdwh olqh1

Wkhvh wzr srvvlelolwlhv kdyh ehhq vxppdul}hg pdwkhpdwlfdoo| lq htxdwlrq +9,1 Iljxuh

5 looxvwudwhv wkh hqgrjhqrxv jurzwk fdvh1 Wkh hqgrjhqrxv jurzwk udwh lv lqfuhdvlqj lq wkh

rxwsxw wd{/ � 1 Lqwxlwlyho|/ wkh rxwsxw wd{ uhglvwulexwhv uhvrxufhv iurp wkh rog +zkr glvvdyh,

wr wkh |rxqj +zkr vdyh,1 Wklv hqdeohv wkh |rxqj wr vxvwdlq wkh ohyho ri vdylqj uhtxluhg iru

shushwxdo jurzwk1
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Txhvwlrq 5

Sduw +d,

Wkh jryhuqphqw exgjhw lghqwlw| lv=

J| . +4 . u|,E| @ O|W
t
| . O|3�W

�
| .E|n�> +D4,

zkhuh E| lv wkh wrwdo vwrfn ri jryhuqphqw ghew dw wkh ehjlqqlqj ri shulrg w +zklfk lv lq

wkh kdqgv ri wkh rog,1 Wkh ohiw0kdqg vlgh ri +D4, uhsuhvhqwv wrwdo vshqglqj rq jryhuqphqw

frqvxpswlrq soxv lqwhuhvw sd|phqw dqg ghew uhghpswlrq1 Wkh uljkw0kdqg vlgh uhsuhvhqwv wrwdo

jryhuqphqw uhyhqxh/ frqvlvwlqj ri wd{ uhyhqxhv soxv erqg vdohv +wr wkh |rxqj,1 E| qrwlqj

wkdw O| @ +4 . q,O|3�/ j| � J|@O| dqg e| � E|@O| zh fdq uhzulwh +D4, lq shu fdslwd whupv

dv iroorzv=

J|

O|
. +4 . u|,

E|

O|
@ Wt

| .
O|3�
O|

W�
| .

O|n�

O|

E|n�

O|n�
/

j| . +4 . u|, e| @ Wt
| .

W�
|

4 . q
. +4 . q,e|n�= +D5,

Sduw +e,

Lqvwhdg ri +4:15,0+4:16,/ wkh krxvhkrog idfhv wkh iroorzlqj exgjhw lghqwlwlhv=

Ft
| . V| @ Z| � Wt

| > +D6,

F�
|n� @ +4 . u|n�,V| � W�

|n�= +D7,

E| holplqdwlqj V| iurp +D6,0+D7, zh �qg wkh frqvrolgdwhg olihwlph exgjhw frqvwudlqw=

aZ| � Z| � Wt
| � W�

|n�

4 . u|n�
@ Ft

| .
F�
|n�

4 . u|n�
> +D8,

zkhuh aZ| wkxv uhsuhvhqwv diwhu0wd{ kxpdq zhdowk ri wkh |rxqj krxvhkrog1

Lq ylhz ri +4:18, dqg +4, zh �qg wkdw wkh frqvxpswlrq Hxohu htxdwlrq lv=

F�
|n�

Ft
|

@
4 . u|n�

4 . �
= +D9,

E| frpelqlqj +D8, dqg +D9, zh �qg wkh vroxwlrqv iru Ft
| dqg F�

|n�=

Ft
| @

�
4 . �

5 . �

�
aZ|> +D:,

F�
|n� @

�
4 . u|n�

5 . �

�
aZ|= +D;,

Ilqdoo|/ e| vxevwlwxwlqj +D:, lqwr +D6, zh �qg wkh vdylqj ixqfwlrq=

V| @

�
4

5 . �

��
Z| � Wt

|

�
.

�
4 . �

5 . �

�
W�
|n�

4 . u|n�
= +D<,
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Fhwhulv sdulexv/ vdylqj ghshqgv qhjdwlyho| rq wd{hv gxulqj |rxwk dqg srvlwlyho| rq wd{hv

gxulqj rog djh1

Wr hvwdeolvk wkh olqn ehwzhhq vdylqj dqg fdslwdo irupdwlrq zh pxvw gr vrph errnnhhslqj1

Wkh uhvrxufh frqvwudlqw lv=

\| . +4� �,N| @ N|n� .F| .J|> +D43,

zkhuh F| lv wrwdo frqvxpswlrq1 Frqvxpswlrq e| wkh wzr ghprjudsklf jurxsv lv jlyhq e|=

O|3�F
�
| @ +u| . �,N| . +4� �,N| . +4 . u|,E| � O|3�W

�
| > +D44,

O|F
t
| @ O|

�
Z| � Wt

| � V+�,� > +D45,

zkhuh V+�, lv wkh vdylqj ixqfwlrq gh�qhg lq +D<, deryh1 Dffruglqj wr +D44,/ wkh rog frqvxph

wkhlu dvvhwv +lqfoxvlyh ri lqwhuhvw sd|phqwv, plqxv wkh wd{hv wkh| idfh1 E| xvlqj +D44,0+D45,

dqg qrwlqj wkdw \| @ +u| . �,N| .Z| zh �qg wkdw wrwdo frqvxpswlrq fdq eh zulwwhq dv=

F| � O|3�F
�
| . O|F

t
|

@ \| . +4� �,N| .
�
+4 . u|,E| � O|3�W

�
| � O|W

t
|

�� O|V+�,
@ \| . +4� �,N| .E|n� �J| � O|V+�,> +D46,

zkhuh zh kdyh xvhg wkh jryhuqphqw exgjhw lghqwlw| +D4, lq jhwwlqj wr wkh �qdo h{suhvvlrq1 E|

frpsdulqj +D43, dqg +D46, zh �qg wkh olqn ehwzhhq krxvhkrog vdylqj dqg fdslwdo irupdwlrq=

N|n� .F| .J| @ F| .J| �E|n� . O|V+�, /
O|V+�, @ E|n� .N|n�= +D47,

Htxdwlrq +D47, frlqflghv zlwk +4:18;, lq wkh wh{w1 Wrwdo vdylqj e| wkh |rxqj +ohiw0kdqg

vlgh, htxdov qh{w shulrg*v vwrfn ri dvvhwv/ frqvlvwlqj ri sk|vlfdo fdslwdo dqg jryhuqphqw ghew

+uljkw0kdqg vlgh,1 Lq shu fdslwd whupv/ htxdwlrq +D47, fdq eh uhzulwwhq dv=

V+�, @ +4 . q, ^e|n� . n|n�` > +D48,

zkhuh n| � N|@O| lv wkh fdslwdo oderxu udwlr1 Wr ghprqvwudwh wkh uhgxqgdqf| ri rqh ri e|/

Wt
| / dqg W�

| zh gh�qh iroorzlqj vr0fdoohg h�hfwlyh wd{hv +Lkrul/ 4<<9/ s1 534,=

aWt
| � Wt

| . +4 . q,e|n�> aW�
| � W�

| � +4 . u|,+4 . q,e|= +D49,

E| xvlqj wkhvh gh�qlwlrqv lq +D5, zh �qg wkdw wkh jryhuqphqw exgjhw lghqwlw| fdq eh uhzulwwhq

dv=

j| @
�
Wt
| . +4 . q,e|n�

�
.

4

4 . q

�
W�
| � +4 . q,+4 . u|,e|

�
@ aWt

| .
aW�
|

4 . q
= +D4:,
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Vlploduo|/ e| xvlqj +D6,/ +D48,0+D49, zh �qg=

Z| � Wt
| �Ft

| @ +4 . q, ^e|n� . n|n�` /
Ft
| @ Z| � aWt

| � +4 . q,n|n�= +D4;,

Htxdwlrq +D44, fdq eh uhzulwwhq e| xvlqj +D49, dv=

F�
| @ +4 . u|, +4 . q, ^e| . n|`� W�

|

@ +4 . u|, +4 . q,n| � aW�
| = +D4<,

Vlqfh Z| dqg u| rqo| ghshqg rq n| +vhh +4:148,0+4:149, lq wkh errn,/ wkh hfrqrp| lv ixoo|

fkdudfwhul}hg e| htxdwlrqv +D9, dqg +D4:,0+D4<,1 Wkh nh| wklqj wr qrwh lv wkdw rqo| wkh

h�hfwlyh wd{hv dsshdu lq wkhvh htxdwlrqv/ qrw wkh vhsdudwh frpsrqhqwv e|/ Wt
| / dqg W�

| 1 Lw

iroorzv wkdw rqh ri wkhvh wkuhh frpsrqhqwv pdnlqj xs wkh h�hfwlyh wd{hv lv uhgxqgdqw1

Sduw +f,

Wkh ixqgdphqwdo gl�huhqfh htxdwlrq iru wklv fdvh lv rewdlqhg e| xvlqj +D<, dqg +D48, dqg

qrwlqj wkdw W�
| @ W� dqg e|n� @ e| @ 3 iru doo w=

n|n� @
4

+4 . q,+5 . �,

�
Z +n|,� Wt

| .
4. �

4 . u+n|n�,
W�

�
> +D53,

zkhuh iru wkh Free0Grxjodv whfkqrorj|Z| @Z +n|, � �un
�3"u
| dqg u| @ u+n|, � +4��u,n

3"u
| 1

E| gl�huhqwldwlqj +D53, zlwk uhvshfw wr n|n�/ n| dqg Wt
| zh �qg=

�gn|n� @ Z �+n|,gn| � gWt
| > +D54,

zkhuh � lv gh�qhg dv iroorzv=

� �
�
+4 . q,+4 . �, .

+4 . �,W�

+4 . u,2
u�+n|n�,

�
= +D55,

Li W� � 3 lw iroorzv dxwrpdwlfdoo| wkdw � A 3 +vlqfh u�+�, ? 3, exw li W� A 3 wkh vljq ri � lv

dpeljxrxv1 Zh dvvxph wkdw � A 31 Vlqfh Z �+n|, A 3/ wkh vwdelolw| frqglwlrq iru wkh prgho

lv wkhq=

3 ?
Z �+n|,

�
? 4 / 3 ?

gn|n�

gn|
? 4= +D56,

Lq wkh vhtxho zh dvvxph wkdw +D56, lv vdwlv�hg1 E| xvlqj +D5, dqg qrwlqj wkdw e|n� @ e| @ 3

dqg W�
| @ W� zh �qg wkdw wkh wd{ rq wkh |rxqj fkdqjhv dffruglqj wr gWt

| @ gj1 E| xvlqj

wklv uhvxow lq +D54, zh �qg wkh lpsdfw dqg orqj0uxq pxowlsolhuv=

Cn|n�

Cj
@ � 4

�
? 3>

gn"
gj

@ � 4

��Z �+n",
? 3= +D57,

Dw lpsdfw/ wkh fdslwdo vwrfn lv suhghwhuplqhg +gn| @ 3, dqg wkh lqfuhdvh lq jryhuqphqw

frqvxpswlrq furzgv rxw lqyhvwphqw +Cn|n�@Cj ? 3,1 Lq wkh orqj uxq wkh fdslwdo vwrfn lv

furzghg rxw hyhq ixuwkhu ehfdxvh wkh ixwxuh zdjh udwh ghfolqhv dqg wkh ixwxuh lqwhuhvw udwh

lqfuhdvhv +erwk wkhvh h�hfwv ghsuhvv ixwxuh vdylqj,1
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Sduw +g,

Wkh ixqgdphqwdo gl�huhqfh htxdwlrq iru wklv fdvh lv rewdlqhg e| xvlqj +D<, dqg +D48, dqg

qrwlqj wkdw Wt
| @ Wt dqg e|n� @ e| @ 3 iru doo w=

n|n� @
4

+4 . q,+5 . �,

�
Z +n|,� Wt .

4. �

4 . u+n|n�,
W�
|n�

�
= +D58,

Wkh jryhuqphqw exgjhw frqvwudlqw vlpsol�hv iru wklv fdvh wr=

W�
| @ +4 . q, +j| � Wt ,= +D59,

E| vxevwlwxwlqj +D59, lqwr +D58, zh �qg=

n|n� @
4

+4 . q,+5 . �,

�
Z +n|,� Wt .

+4 . �,+4 . q,

4 . u+n|n�,

�
j|n� � Wt

��
= +D5:,

Wkh vwdelolw| frqglwlrq lv vwloo jlyhq e| +D56, dqg wkh lpsdfw dqg orqj0uxq pxowlsolhuv duh=

Cn|n�

Cj
@

4

+4 . u,�
A 3>

gn"
gj

@
+4 . �,+4 . q,

+4 . u, ^��Z �+n",`
A 3= +D5;,

Dw lpsdfw wkhuh lv d srvlwlyh h�hfw rq fdslwdo irupdwlrq ehfdxvh wkh |rxqj dqwlflsdwh kljkhu

ixwxuh wd{hv dqg vdyh pruh dv d uhvxow +vhh dovr +D<, deryh,1 Lq wkh orqj uxq wzr wklqjv kdsshq1

Iluvw/ wkh zdjh ulvhv ehfdxvh wkhuh lv pruh fdslwdo shu zrunhu1 Vhfrqg/ wkh lqwhuhvw udwh idoov

+gxh wr fdslwdo irupdwlrq, dqg wkh suhvhqw ydoxh ri wd{hv gxulqj rog djh +W�
|n�@+4.u|n�,, ulvhv1

Erwk h�hfwv h{sodlq wkdw wkh orqj0uxq h�hfw lv odujhu wkdq wkh vkruw0uxq h�hfw rq fdslwdo1

Wkh ohvvrq zh ohduq iurp sduwv +f,0+g, lv wkdw wkh h�hfw rq wkh fdslwdo vwrfn ri dq lqfuhdvh

lq sxeolf frqvxpswlrq ghshqgv yhu| pxfk rq wkh �qdqflqj phwkrg hpsor|hg e| wkh srolf|

pdnhu1 Li wkh |rxqj pxvw �qdqfh wklv �vfdo srolf| wkhq fdslwdo irupdwlrq lv kduphg1 Wkh

rssrvlwh krogv li wkh rog pxvw sd| iru wkh dgglwlrqdo sxeolf frqvxpswlrq1

Sduw +h,

Vlqfh wkh jryhuqphqw grhv qrw srvvhvv d ixoo vhw ri djh0vshfl�f wd{hv/ wkhuh lv qr uhgxqgdqw

wd{ sdudphwhu dq| pruh1 Lqghhg/ lq ylhz ri +D49, dqg wkh dvvxpswlrq wkdw W�
| @ 3 iru doo w

lw iroorzv wkdw fkdqjlqj e pxvw fkdqjh erwk aWt
| dqg aW�

| 1 Lq wklv vhwwlqj jryhuqphqw ghew kdv

uhdo h�hfwv1 E| xvlqj +D5, zh �qg wkdw wkh jryhuqphqw exgjhw lghqwlw| vlpsol�hv wr=

j . +4 . u|,e @ Wt
| . +4 . q,e> +D5<,

vr wkdw wkh fkdqjh lq wd{hv rq wkh |rxqj vdwlv�hv=

gWt
| @ +u| � q,ge A 3> +D63,
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zkhuh wkh vljq iroorzv iurp wkh dvvxpswlrq wkdw wkh hfrqrp| lv g|qdplfdoo| h!flhqw +vr wkdw

u| A q,1 Wkh ixqgdphqwdo gl�huhqfh htxdwlrq iru wkh fdslwdo vwrfn lv rewdlqhg e| xvlqj +D<,

dqg +D48,=

n|n� @
4

+4 . q,+5 . �,

�
Z +n|,� Wt

|

�� e= +D64,

Wkh vwdelolw| frqglwlrq iru wkh prgho lv vwloo dv lq +D56, +zlwk W� @ 3 lpsrvhg,1 Wkh lpsdfw

h�hfw rq fdslwdo ri dq lqfuhdvh lq e lv=

Cn|n�

Ce
@ � 4

+4 . q,+5 . �,

gWt
|

ge
� 4

@ �
�
4 .

u| � q

+4 . q,+5 . �,

�
? �4> +D65,

zkhuh zh kdyh xvhg +D63, wr jhw iurp wkh �uvw wr wkh vhfrqg olqh1 Wkh lqfuhdvh lq ghew

furzgv rxw fdslwdo irupdwlrq ehfdxvh wkh wd{ rq wkh |rxqj kdv ulvhq1 Wkh orqj0uxq h�hfw rq

wkh fdslwdo vwrfn lv=

gn"
ge

@ � u � q. +4 . q,+4 . �,

+4 . q,+4 . �,�Z �+n",
? 3= +D66,

Uhihuhqfhv

Lkrul/ W1 +4<<9,1 Sxeolf Ilqdqfh lq dq Ryhuodsslqj Jhqhudwlrqv Hfrqrp|1 Pdfploodq Suhvv/

Orqgrq1


