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Solutions for problems to Chapter 15

Question 1

Part (a)

In the unit-elastic model we have:
ox =1 sothat & =IlogU (a)
ocr, =1 sothat U=C<(1— L)l < (b) (A1)
okr =1 sothat y=LeLK! (b)

There are thus only two types of results to prove, namely results of type (a) and of type (b).
To demonstrate Result (a), we can use footnote 14 in Chapter 14. Given the definition
of ® in equation (1), it follows that both the numerator and the denominator go to zero as
1/ox — 1. We must therefore use L'Hopital’s rule for evaluating limits of the 0+ 0 type. We
find:
, . —1xUYoxlogU
1/??1—&@ - 1/£lin—>1 -1 :

= log U. (A2)

To demonstrate Result (b) we first take the logarithm of equation (2):

log U = log [ecC* + (lw— ec)[1 — L] ’ (A3)

where © = (0¢r, — 1)/0cr. Both the numerator and the denominator in (A3) go to zero as

x — 0 so we must again use L’Hopital’s rule:

ecC*logC + (1 —ec)[1 — L]* log(1 — L)

Imlog = Iy 00"+ (1—eo)[ = L)
= €eclogC+ (1 —¢€c)log(l—1L), (A4)

where we have used the fact that lim, ,o C* = lim, (1 — L)* = 1 to get from the first to
the second line of (A4). It follows from (A4) that U = C* (1 — L)}~
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Part (b)

According to the hint, given in equation (6), we can write U(7) = X (7)/Py(7). By using this
result, the optimization problem for the household in stage 1 is to choose paths for X (7) and
A(7) such that:

_ [ E @Ry T 1
A(t) = /t [ T =g, (A5)
is maximized subject to the household budget identity:
A(T) = (1) A(T) + W(r) = T(1) — X (1), (A6)

and the NPG condition (15.5). The household takes as given its initial level of financial
assets, A(t). Note that (A6) is obtained from (15.3) in the book by using the definition of
full consumption given in equation (6).
The current-value Hamiltonian for this optimization problem is:
(X(7)/Pu(r))Hx —1

= ey PG W)~ T - X (),

where p(7) is the co-state variable, A(7) is the state variable, and X (7) is the control variable.
The first-order conditions are 0H/0X = 0 and —0H/0A = j1 — pu, or:

X))\ Vox o1
<PU<T>> Py~ M) (A7)
—r(T)(r) = (1) — pp(T). (AB)

Combining these first-order conditions yields:

@ _ 1 X(T)_PU(T) _PU(T Yy
e <X<T> PU<T>> G R
X(r) Pu(r) Pyl _ o
X0 R KRy T xOoA =

X = oxlrn-p+0-onped (A9

Equation (A9) coincides with the expression in (4). We must now verify that (5) is the correct
expression for the true cost-of-living index. We do so by solving stage 2 of the optimization
procedure.

In stage 2, the household maximizes subfelicity, U, subject to the constraint X = C +
W (1 — L), with X given. The Lagrangian expression is:

ocL/(ocrL—1)

L = ECC(T)(UCL_I)/UCL +(1—e€c)1 — L(T)](UCL—I)/UCL
IAX —C—W(1-1L), (A10)
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where A is the Lagrange multiplier. The first-order conditions are the constraint as well as
0L/0C =0L/0(1 — L) = 0. It follows from the latter two conditions that:

HUCL/(UCL*U*lEcc(UCLfl)/UCLfl =\ (A11)

[Joer/leer=D=1(1 _ ¢4)(1 — L)(er=D/ocr=1 = \W, (A12)

where [-] is the term in square brackets in equation (2). By dividing (A12) by (A11) we obtain

the expression for the marginal rate of substitution between leisure and consumption:

(1—ec)(1— L) Yoer
Eccfl/UCL

=W. (A13)

We can use (A13) and the constraint to express C' and 1 — L in terms of X, W, and the

parameters. We show a few steps here:

<1€fV€VC>UCL 1-L)+W(-

L)
W1 —L)[1+ € (1 —eq) 7orWoer ]
(1 _ Ec)faCLWUchIW(l - L) [ oCL € (1 o 60 O'CLwl UC’L] _
Wi-L) = (

I
Sl
Ll

—_

—ex)X, (Al4)

where 1 — cx is the full consumption share of spending on leisure. It is defined as:

(1 _ EC)UCL Wl-ocL

1l—cx = [ech +(1- EC)UCLWI_UC'L] . (A15)
Similarly, we can write C' = cx X, where cx is defined as:
= A16
X [E‘éCL + (1 — GC)UCLW17(ICL] : ( )
We can now relate U and X and derive the expression for P;;. We find:
U = |:€CC(O'CL—1)/UCL + (1 _ 60)[1 _ L](UCL_l)/O_CL:|O'CL/(UCLfl)
- ocr/(ocL—1)
1-— x\ (eer—1)/ocr ]k
= {Eo (exX)loerDloor (1 _¢p) (&)
w
_ (occr—1)/octL ocr/(ocL—1)
= X |:€ch?CL—l)/UCL 4 (1—ec) (1 VVCX> ] . (A17)

By using the expressions for ¢x and 1 — cx, the complicated term in square brackets on the
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right-hand side of (A17) can be simplified:

EgCL (cer—1)/ocL
] = e [[egCL +(1— GC)O'CLW1O'CL]]
(1 —ec)ocrWi-ocL 1
(€L + (1 — eg)oerWi-oor] W
€t + (1 — eo)7crWil—ocr
[egCL +(1— GC)UCLwlfgCL](UCL_l)/UCL

= [€298 4+ (1 — eg)oorwioer]) /oo (A1)

—I—(l — 60)

] (ccr—1)/ocL

By using (A18) in (A17) we obtain:
X X

U= =—, Al19
[GZ,CL +(1- eC)UCLWPUCL] I=oc Py (419)

where Py is thus:
Py = [elft + (1 - Ec)UCLWI_UCL]l_UCL _ (A20)

This expression coincides with the second line in (5). To obtain the first line in (5) we can

let oo, — 1 in (A20). This limit can again be determined by using L’Hopital’s rule.

Part (c)

Firm behaviour is still characterized by the usual rental expressions stated in (15.15). By

using equation (3), we find that the marginal product of labour can be written as follows:

OF

oxr/(oxr—1)—1

a_L — |:€LL(O'KL*1)/O'KL + (1 _eL)K(UKLfl)/O'KL ELLil/UKL
= |:Y(UKL_1)/UKL:|1/(UKL_1)GLL_I/O'KL
1/okL
)

Similarly, we can write the marginal product of capital as:

or
oK

oxr/(oxr—1)—1

= |:€LL(UKL—1)/UKL +(1— EL)K(UKL—I)/JKL (1— EL)K_I/UKL

1/(oxkr—1)

— [Y(UKL*U/UKL} (1— 6L)K’*l/UKL

= (1—ep) <%>U‘m : (A22)

Intuitively, ok, measures how easy it is to substitute the production factors for each other.
By using (A21)-(A22) in (15.15) we find the demand functions for capital and labour:

K (r46\ 7 L W\ TR
?_ <1—6L> ’ ?_ <1—€L> ’ (A23)
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If 0k is very high then the demand functions are very sensitive to changes in factor prices,
i.e. they are very flat. This is because substitution is very easy in that case. Conversely, if
ok, is close to zero, then the demand functions are rather insensitive to changes in factors
prices, i.e. they are very steep. Intuitively, this is because substitution is very difficult in that
case and the production function features nearly constant input coefficients, i.e. it is close to
a Leontief production function (and the isoquants are close to L-shaped).

Part (d)

The great ratios are determined as follows. In the steady state we have X = 0, K = 0
(and Py = 0) so that it follows from (4) that 7 = p and from (15.14) that [ = §K. Since
r+6=(1—e€p) (Y/K)I/UKL it follows that Y/K is constant. Hence, I/Y and (by the CRTS
production function) K /L are also constant. Since Fj, depends on the K/L ratio, it and the
real wage are both constants. By (A13) we find that C/(1 — L) is also constant.

Part (e)

The long-run multiplier can be computed by noting that the supply side of the model fixes
the great ratios. Equations (15.18)-(15.19) are all still valid so the multiplier is still as given
in (15.20). The intertemporal substitution elasticity does not affect the great ratios at all
because these are fixed by the supply side of the model. It does, however, affect the transition

path towards the steady state.

Question 2

Part (a)

The representative household makes the consumption and accumulation decisions. Note that

(5) can be rewritten in a more conventional form as:
Cr+IM 4+ 18 =W,L, + REKM — T, (A1)

where IM = KM — (1 = 63) KM and IH = KH | — (1 — 64) KX represent gross investment
in, respectively, business and home capital. Equation (A1) is thus a generalized version of
equation (15.61) in the book. Since we are adding up the different types of capital in (5) and
in (A1), we implicitly assume that the two types of capital are perfect substitutes as far as

the household’s investment decision is concerned.

Part (b)

The houschold chooses sequences {Cr}§°, {CM}2°, {CH Yo, {L-}2°, {LM}°, {LH} g2, { K2 |},
and {K2,}7° in order to maximize (1) subject to the constraints and definitions (2)-(5), tak-

ing as given the initial stock of total capital, KM + K. Tt is thus assumed that household
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capital can costlessly and instantaneously be turned into business capital and vice versa. The

Lagrangian expression for this problem is:
oo 1 T—1
Ll = E <—) [e log Cr + (1 —e¢) log[l — LM — LH
t tZ P c l0g ( ) log| ]
(KM + K P+ O = WL — (RE 1= 8a) KM — (1= 6u) K2
o—1)/o 1\ (6=1)/079/{c=1)

— <C7_ _ |:€H (071_—1)( )/ + (1 . EH) (071_\[)( )/ } >
v (Cff = 2 (L) (K )”L)}, (A2)

where we have substituted the time constraint (3) into the felicity function. The Lagrange

multipliers are denoted by i, v, and A; and the (interesting) first-order conditions are:

- () #lg-]-o =
gﬁ; = — <r1p>7t E, E:ZC; - ATWT] =0, (A4)
o = ~(15) B[ ] =0 (a9
aaéi - <ﬁ1p>t Ey |1y (1= €n) (%})UU —~ AT] =0, (A6)
e = (r55) B (&) ] =0 x
;KcH ) (rlp) ) :_AT - (RKJ%N . )
8%1 _ <r1p>Tt 5 '_)\T s ((VTH/)\THi ?_ﬁ{;l +1-— 6H>] _0, (A9)

where W; is the imputed home wage, i.e. the marginal product of working at home (producing

home goods):

W _ ZH LH np—1 KH 1-np _ 071';1 A10
T ="NL4r ( T ) ( T ) =L H ) ( )
and fm’f_{ is the imputed rental charge on home capital, which is defined as:

HK H (7 H\"L H\ "L cl

RE = (=)0 (L) ()" = (0 =m) (57 ) (AL1)

For the planning period, 7 = t, we can simplify these first-order conditions into a number

of static conditions and a dynamic condition. By using (A4)-(A5) we find:

127 I/Vt
T = — = —, A12
b vk (A12)
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where 7; is the relative price of home goods. According to (A12), labour must be allocated
across the two activities such that it yields the same real (imputed) wage. By substituting
(A3)-(A4) into (A6) we find:

ec(l—eH)<C’t>1/U 1l—ec 1

A = _ 1
! Cy cM 1—L W,

W, — (1 —ec)/(~ L) (A13)

lec/Ci] (1 —€n) (Ct/CtM)l/U’

i.e. the marginal rate of substitution between leisure and consumption of the home good must
be equated to the wage rate. Similarly, by using (A3) and (A5) in (A7) we find:

— g, o ECfH O\ 1—e 1
v = = 7T = —-
! i Cy \CH 1-L:w,

T eo/Clen (GO
Again, the optimality condition calls for an equalization of the marginal rate of substitution
between leisure and home consumption with the relevant wage rate, W, Equations (A13)-
(A14) determine the optimal division between home consumption and consumption of market
goods as a function of the relative price, ;.
Next we use (A6)-(AT7) to deduce a relationship between y;, and \;. Equations (A6)-(A7)
imply:

v (1 —€n) 7 H _ ( Mi€H 7
o - (M) a. o= (5) c (A1)
where 7, is defined in (A12) above. By substituting these expressions into equation (2) we
find:
o (c-1)/c o (c—1)/o
o—1)/c e I 1—ey
Ct( 7 = ey [(im) Ct:| + (1 —e€n) {(75()\—1‘/)> Ct:| &
o-1 (e—1)
. HM€H _ pe(1 — €xr)
(B (M)
% = [+ (1 —en)?] ) = P(ry), (A16)

where P(7;) is the true price index of composite consumption. Since (A6)-(A7) are essentially
static decisions, (A16) holds not only for period ¢ but also for all other periods, i.e. p./Ar =
P(m;). Note that (A3)-(A4) in combination with (A16) imply:

(1-ec)/1—-L;) Wi

e = 5 (A7)

The marginal rate of substitution between leisure and composite consumption is equated to
the real wage rate, using the true price index for composite consumption as the deflator.
Equation (A17) in the counterpart to (15.66) in the book.
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Equations (A8)-(A9) state that the two capital stocks should yield the same ex ante rate
of return. For period ¢ we find from (A8)-(A9):

14 ri 1+ 7
A =E; [\ ——— || =E [\ — A18
=B e ()| = e (2. (A13)

where 11 = Rffrl — Oy and g = 7rt+1f%fi1 — 6p7. By using (A3) and (A16) we find that

(A18) can be rewritten as:

€C 14+r1 o P(m) }
~ - E A19
Ct t |: 1+ 1% Ct+1 P(7Tt+1) ( )
1+ f’t+1 €c P(ﬂ't) :|
= F . A20
t[ L+p Ciy1 P(me41) (420)

Equation (A19) is the counterpart to (15.67) in the book. Of course, since capital is perfectly

mobile across activities, ex post rates of return will also equalize, i.e. rr = 7; for all 7.

Part (c)

The representative firm makes a static decision regarding output and input demands. In
period 7, the realization of the technology shock, Z, is known and the firm maximizes I,
subject to the technology (6). The first-order conditions are:

o1, Y;

6L7]_V[ = 0: €], (L—%}—V[> = WT7 (A21)
oll, Y, .

s = 00 (- <—K74,[> — RK. (A22)

Because the technology features CRTS excess profit is zero (II, = 0 for all 7).

Part (d)

Implicit in the formulation of the felicity function is the notion that the household derives
disutility from its total work effort, LM + L regardless of where the work takes place. It
follows that L} and L are perfect substitutes to the household. Following Benhabib et al.
(1991, p. 1171) we can change this aspect of the model by adopting the following felicity

function:
U, =eclogCr + (1 —ec)log[l — LM — L] + 4, LM, (A23)

with 0 < e¢ <1 and 0 < v; < 1 — €. With this formulation, the marginal disutility of
working at home or in the market are:

(9U7— i 1-— €C i (9U7—

oLM —1-L, LT TarE L
Provided ~;, is strictly positive, working in the market sector is preferred to working around

the house. (Note that the sign restriction on 7, ensures that —OU, /0L remains positive.)
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