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Txhvwlrq 4

Lq wklv txhvwlrq zh vwxg| wkh fodvvlf sdshu e| Srroh +4<:3,1 Wklv sdshu vkrzv krz rswlpdo

hfrqrplf srolf| zdv w|slfdoo| ghwhuplqhg lq wkh olwhudwxuh suhgdwlqj wkh udwlrqdo h{shfwdwlrqv

uhyroxwlrq ri wkh hduo| 4<:3v1

Sduw +d,

Htxdwlrq +4, lv wkh LV fxuyh1 Ghpdqg iru jrrgv lv d�hfwhg qhjdwlyho| e| wkh lqwhuhvw udwh

+wkurxjk lqyhvwphqw, dqg wkhuh duh vwrfkdvwlf ghpdqg vkrfnv/ uhsuhvhqwhg e| X|1 Htxdwlrq

+5, lv wkh OP fxuyh1 Wkh ghpdqg iru uhdo prqh| edodqfhv +lq orjdulwkpv, ghshqgv srvlwlyho|

rq rxwsxw +wudqvdfwlrqv ghpdqg, dqg qhjdwlyho| rq wkh qrplqdo lqwhuhvw udwh +rssruwxqlw|

frvw ri kroglqj prqh|,1 Zh devwudfw iurp +h{shfwhg, lq dwlrq/ vr wkh qrplqdo lqwhuhvw udwh

ihdwxuhv lq wkh LV fxuyh1

Htxdwlrq +6, lv wkh remhfwlyh ixqfwlrq ri wkh srolf| pdnhu1 Wkh srolf| pdnhu zlvkhv wr

vwhhu dfwxdo rxwsxw/ ||/ dv forvho| dv srvvleoh wr vrph h{rjhqrxvo| jlyhq wdujhw rxwsxw ohyho/

|W1 Erwk srvlwlyh dqg qhjdwlyh ghyldwlrqv ri dfwxdo iurp wdujhw rxwsxw duh qrw dssuhfldwhg

e| wkh srolf| pdnhu1 Wkh srolf| pdnhu pxvw hlwkhu xvh wkh lqwhuhvw udwh ru wkh prqh| vxsso|

dv lwv lqvwuxphqw1

Sduw +e,

Lq wkh ghwhuplqlvwlf fdvh/ erwk vwrfkdvwlf vkrfnv duh lghqwlfdoo| htxdo wr }hur +X| @ Y| @ 3

iru doo w,1 Lw lv hdv| wr vkrz wkdw lq wkdw fdvh erwk lqvwuxphqwv vhuyh htxdoo| zhoo wr vwdelol}h

rxwsxw1 Lq idfw/ wkh| duh frpsohwho| lghqwlfdo1 Wkh htxlydohqfh uhvxow lv vkrzq lq Iljxuh 41

Dvvxph wkdw wkh hfrqrp| lv lqlwldoo| lq srlqw Hf zkhuh rxwsxw idoov vkruw ri lwv wdujhw ohyho

+|| ? |W,1

4
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Iljxuh 4= Prqh| vxsso| dqg lqwhuhvw udwh lqvwuxphqwv

Xqghu wkh lqwhuhvw udwh lqvwuxphqw wkh srolf| pdnhu vhw U @ UW/ zkhuh UW lv wkh lqwhuhvw

udwh iru zklfk wkh LV fxuyh jlyhv dq rxwsxw ohyho htxdo wr |W�vhh srlqw D lq Iljxuh 41 Wkh OP

fxuyh lv qrw yhu| lqirupdwlyh xqghu wkh lqwhuhvw udwh lqvwuxphqw ehfdxvh wkh prqh| vxsso| lv

hqgrjhqrxv/ l1h1 li wkh srolf| pdnhu vhwv U @ UW wkhq wkh prqh| vxsso| zloo dgmxvw vxfk wkdw

LVf dqg wkh gdvkhg OP fxuyh/ OP�/ lqwhuvhfw dw srlqw D1 UW fdq eh frpsxwhg e| vxevwlwxwlqj

| @ |W +dqg X| @ 3, lqwr wkh LV fxuyh dqg vroylqj iru UW=

|W @ �f � ��U
W / UW @

�f � |W

��
= +D4,

Wkh prqh| vxsso| wkdw zloo uhvxow lv frpsxwhg e| vxevwlwxwlqj || @ |W dqg U| @ UW +dqg/ ri

frxuvh/ s| @ 3 dqg Y| @ 3, lq wkh OP fxuyh +5,1 Zh rewdlq=

p| @ �f . �� ^�f � ��U
W`� �2U

W

@ �f . �f�� � +���� . �2,U
W= +D5,

Xqghu wkh prqh| vxsso| lqvwuxphqw/ wkh srolf| pdnhu vhwv wkh prqh| vxsso|/ pW/ vxfk

wkdw wkh LV0OP htxloleulxp rffxuv dw dq rxwsxw ohyho ri |W1 Wklv lv reylrxvo| dovr dw srlqw

D1 Wkh hqgrjhqrxv yduldeohv xqghu wklv srolf| lqvwuxphqw duh rxwsxw dqg wkh lqwhuhvw udwh1

Wkh fruuhfw prqh| vxsso| lv wkxv=

pW @ �f . �f�� � +���� . �2,U
W +D6,

@ �f . �f�� � +���� . �2,

�
�f � |W

��

�
= +D7,
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Wkh wzr lqvwuxphqwv duh htxlydohqw dqg erwk klw wkh rxwsxw wdujhw h{dfwo|/ l1h1 || @ |W iru

doo w dqg 
 @ 31 Wkh lqvwuxphqw htxlydohqf| uhvxow euhdnv grzq lq d vwrfkdvwlf vhwwlqj/ dv

sduwv +f,0+h, ri wklv txhvwlrq looxvwudwh1

Sduw +f,

Li rqo| wkh LV fxuyh lv vxemhfw wr vwrfkdvwlf vkrfnv/ wkhq wkh prqh| vxsso| dqg lqwhuhvw udwh

lqvwuxphqwv duh qr orqjhu htxlydohqw1 Xqghu wkh lqwhuhvw udwh lqvwuxphqw/ wkh srolf| pdnhu

zloo vhw UW vxfk wkdw wkh LV fxuyh lv h{shfwhg wr |lhog dq rxwsxw ohyho ri |W/ l1h1 UW zloo eh

vhw dffruglqj wr wkh ydoxh jlyhq lq +D4,1 Wkh dfwxdo rxwsxw ohyho lv/ ri frxuvh/ vwrfkdvwlf/

ehfdxvh ghpdqg iru jrrgv lv vxemhfw wr vwrfkdvwlf vkrfnv wkdw wkh srolf| pdnhu +dqg wkh

sxeolf, fdqqrw iruhfdvw1 Khqfh/ dfwxdo rxwsxw lv rewdlqhg e| vxevwlwxwlqj UW +iurp +D4,, lqwr

htxdwlrq +4,=

|| @ �f � ��U
W .X|

@ �f � ��

�
�f � |W

��

�
. X|

@ |W . X|= +D8,

Jlyhq wkh lqwhuhvw udwh lqvwuxphqw/ dfwxdo rxwsxw  xfwxdwhv udqgrpo| durxqg lwv wdujhw ohyho

|W1 Wkh dv|pswrwlf yduldqfh ri rxwsxw zloo wkxv eh=

�2+
��
-'-W

@ �2L = +D9,

Xqghu wkh prqh| vxsso| lqvwuxphqw/ wkh srolf| pdnhu vhwv wkh prqh| vxsso| vxfk wkdw

wkh h{shfwhg LV0OP lqwhuvhfwlrq rffxuv dw dq rxwsxw ohyho htxdo wr |W/ l1h1 lw vhwv p @ pW/

zkhuh pW lv jlyhq lq +D6, ru +D7,1 Vlqfh wkh LV fxuyh vkliwv vwrfkdvwlfdoo|/ wkh dfwxdo LV0OP

lqwhuvhfwlrq zloo eh vrphzkhuh dorqj wkh jlyhq OP fxuyh edvhg rq p @ pW1 Wr �qg dfwxdo

rxwsxw ohyho/ zh �uvw vroyh htxdwlrqv +4,0+5, iru rxwsxw=

|| @ �f � ��
�2

^�f . ��|| . Y| �p| . s|` . X| ,

|| @
�f�2 � ���f . ��p

W . �2X|
�2 . ����

> +D:,

zkhuh zh kdyh vxevwlwxwhg s| @ Y| @ 3 dqg p| @ pW iru doo w lq jrlqj iurp wkh �uvw wr wkh

vhfrqg olqh1 E| vxevwlwxwlqj wkh h{suhvvlrq iru pW +jlyhq lq +D7,, lqwr +D:,/ zh rewdlq dq

hyhq vlpsohu h{suhvvlrq=

|| @ |W .

�
�2

�2 . ����

�
X|= +D;,

Dfwxdo rxwsxw  xfwxdwhv udqgrpo| durxqg lwv wdujhw ohyho/ mxvw olnh iru wkh lqwhuhvw udwh

lqvwuxphqw1 Wkh fuxfldo gl�huhqfh ehwzhhq wkh wzr lqvwuxphqwv lv/ krzhyhu/ wkdw wkh h�hfw
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ri wkh LV vkrfnv lv gdpshqhg vrphzkdw xqghu wkh prqh| vxsso| lqvwuxphqw�wkh frh!flhqw

lq iurqw ri X| lq +D;, lv ehwzhhq 3 dqg 41 Wkh dv|pswrwlf yduldqfh ri rxwsxw lv=

�2+
��
6'6W

@

�
�2

�2 . ����

�2

�2L = +D<,

Vlqfh wkh whup lq urxqg eudfnhwv lv ehwzhhq 3 dqg 4/ lw iroorzv wkdw=

�2+
��
6'6W

? �2+
��
-'-W

= +D43,

Lw iroorzv wkdw d udwlrqdo srolf| pdnhu +rqh zkr zdqwv wr uhgxfh rxwsxw  xfwxdwlrqv, fkrrvhv

wkh prqh| vxsso| lqvwuxphqw li wkh OP fxuyh grhv qrw  xfwxdwh1

Lq whupv ri Iljxuh 5/ wklv uhvxow fdq eh h{sodlqhg dv iroorzv1 Ohw LVf eh wkh h{shfwhg

srvlwlrq ri wkh LV fxuyh/ l1h1 htxdwlrq +4, iru HX| @ 3/ dqg ohw LV� dqg LV2 eh wkh LV fxuyhv iru

d jlyhq srvlwlyh dqg qhjdwlyh LV vkrfn uhvshfwlyho|1 Wkh ghwhuplqlvwlf htxloleulxp lv dw srlqw

Hf/ zkhuh | @ |W dqg U @ UW1 Xqghu wkh lqwhuhvw udwh lqvwuxphqw/ wkh srolf| pdnhu pdlqwdlqv

U @ UW vr wkdw wkh hfrqrp|  xfwxdwhv ehwzhhq srlqwv D dqg E dqg rxwsxw  xfwxdwhv ehwzhhq

|�| dqg |�| 1 Xqghu wkh prqh| vxsso| lqvwuxphqw/ wkh prqh| vxsso| lv vhw vxfk wkdw LVf dqg

OPf lqwhuvhfw dw srlqw Hf1 Dv d uhvxow/ wkh hfrqrp|  xfwxdwhv ehwzhhq srlqwv F dqg G/

dqg rxwsxw  xfwxdwhv ehwzhhq |�| dqg |(| 1 Rxwsxw  xfwxdwlrqv duh vpdoohu xqghu wkh prqh|

vxsso| uxoh ehfdxvh lqwhuhvw udwh pryhphqwv dfw dv dxwrpdwlf vwdelol}huv1 Zlwk d srvlwlyh LV

vkrfn/ wkh lqwhuhvw udwh ulvhv xqghu wkh prqh| vxsso| uxoh vr wkdw lqyhvwphqw dqg wkxv rxwsxw

ghpdqg lv gdpshqhg vrphzkdw1

Sduw +g,

Li rqo| wkh OP fxuyh lv vxemhfw wr vwrfkdvwlf vkrfnv/ wkhq wkh lqvwuxphqwv duh dovr qrw htxly0

dohqw1 Qrz wkh LV fxuyh lv qrw vxemhfw wr  xfwxdwlrqv exw wkh OP fxuyh  xfwxdwhv udqgrpo|1

Lq whupv ri Iljxuh 6/ wkh LV fxuyh lv jlyhq e| LVf dqg wkh h{shfwhg srvlwlrq ri wkh OP fxuyh

lv OPf1 OP� dqg OP2 duh dvvrfldwhg zlwk/ uhvshfwlyho|/ d srvlwlyh dqg d qhjdwlyh prqh|

ghpdqg vkrfn1

Xqghu wkh lqwhuhvw udwh lqvwuxphqw/ wkh srolf| pdnhu pdlqwdlqv U @ UW dqg ohwv wkh

prqh| vxsso| eh ghwhuplqhg hqgrjhqrxvo|1 Dv d uhvxow/ wkh hfrqrp| vwd|v lq srlqw Hf1 +Wkh

hfrqrp| grhv qrw jr wr srlqwv F dqg G ehfdxvh lq wkhvh srlqwv wkh prqh| vxsso| lv qrw lq

htxloleulxp1, Rxwsxw lv jlyhq e| +D;, exw/ vlqfh X| @ 3 khuh/ lw grhv qrw  xfwxdwh dw doo1

Wkhuh lv shuihfw vwdelol}dwlrq lq wklv fdvh dqg wkh dv|pswrwlf yduldqfh ri rxwsxw lv }hur1

Xqghu wkh prqh| vxsso| uxoh/ wkh hfrqrp|  xfwxdwhv ehwzhhq srlqwv D dqg E dqg rxwsxw

 xfwxdwhv ehwzhhq |�| dqg |�| 1 Wr frpsxwh dfwxdo rxwsxw xqghu wkh prqh| vxsso| lqvwuxphqw/

zh vroyh htxdwlrqv +4,0+5, iru rxwsxw=

|| @ �f � ��
�2

^�f . ��|| . Y| �p| . s|` . X| ,

|| @
�f�2 � ���f . ��p

W � ��Y|
�2 . ����

> +D44,
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Iljxuh 5= Lqvwuxphqwv dqg rxwsxw  xfwxdwlrqv +ghwhuplqlvwlf OP fxuyh,
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Iljxuh 6= Lqvwuxphqwv dqg rxwsxw  xfwxdwlrqv +ghwhuplqlvwlf LV fxuyh,
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zkhuh zh kdyh vhw s| @ X| @ 3 dqg p| @ pW iru doo w lq jrlqj iurp wkh �uvw wr wkh vhfrqg

olqh1 E| vxevwlwxwlqj +D7, lqwr +D44, zh rewdlq dq hyhq vlpsohu h{suhvvlrq iru rxwsxw=

|| @ |W �
�

��
�2 . ����

�
Y|= +D45,

Wkh dv|pswrwlf yduldqfh ri rxwsxw xqghu wkh prqh| vxsso| lqvwuxphqw lv wkxv=

�2+
��
6'6W

@

�
��

�2 . ����

�2

�2T = +D46,

Vlqfh rxwsxw fdq eh shuihfwo| vwdelol}hg xqghu wkh lqwhuhvw udwh lqvwuxphqw/ wkh udwlrqdo srolf|

pdnhu suhihuv wklv lqvwuxphqw ryhu wkh prqh| vxsso| lqvwuxphqw1

Sduw +h,

Wr vroyh wkh jhqhudo lqvwuxphqw fkrlfh sureohp/ zh �uvw vroyh +4,0+5, iru rxwsxw1 Diwhu vrph

pdqlsxodwlrq zh rewdlq iru wkh lqwhuhvw udwh lqvwuxphqw=

|| @ |W . X|> +D47,

dqg iru wkh prqh| vxsso| lqvwuxphqw=

|| @ |W .
�2X| � ��Y|
�2 . ����

= +D48,

Wkh dv|pswrwlf yduldqfh ri rxwsxw xqghu wkh lqwhuhvw udwh lqvwuxphqw lv rewdlqhg iurp +D47,=

�2+
��
-'-W

@ �2L = +D49,

Wkh dv|pswrwlf yduldqfh xqghu wkh prqh| vxsso| uxoh lv rewdlqhg iurp +D48,=

�2+
��
6'6W

@
�22�

2

L . �2
�
�2T

+�2 . ����,
2
> +D4:,

zkhuh zh kdyh xvhg wkh idfw wkdw X| dqg Y| duh lqghshqghqw udqgrp yduldeohv +vr wkdw

HX|Y| @ 3,1

Lw lv hdv| wr uhzulwh wkh txdgudwlf orvv ixqfwlrq/ jlyhq lq htxdwlrq +6,/ lq whupv ri wkh

dv|pswrwlf yduldqfh ri rxwsxw=


 � H ^|| � |W`2 @ H ^|| �H||`
2 � �2+> +D4;,

zkhuh zh kdyh xvhg wkh idfw wkdw H|| @ |W xqghu erwk lqvwuxphqwv +vhh htxdwlrqv +D47,

dqg +D48,,1 Khqfh/ wkh udwlrqdo srolf| pdnhu fkrrvhv wkdw srolf| lqvwuxphqw iru zklfk �2+
lv orzhvw1 E| frpsdulqj +D49, dqg +D4:,/ zh �qg wkdw wkh prqh| vxsso| lqvwuxphqw lv wkh

suhihuuhg lqvwuxphqw li +dqg rqo| li,=

�22�
2

L . �2
�
�2T

+�2 . ����,
2
? �2L / �2L

�2T
A

��
�� +5�2 . ����,

= +D4<,

Dffruglqj wr +D4<,/ wkh prqh| vxsso| lqvwuxphqw lv rswlpdo li wkh yduldqfh ri wkh LV vkrfnv

lv odujh uhodwlyh wr wkdw ri wkh OP vkrfnv1 Wkh lqwxlwlrq ehklqg wklv uhvxow lv surylghg e| wkh

dqvzhu wr sduw +f,1 Lqwhuhvw udwh  xfwxdwlrqv gdpshq wkh rxwsxw  xfwxdwlrqv lq wkdw fdvh1
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Txhvwlrq 5

Sduw +d,

Htxdwlrq +4, lv wkh Oxfdv vxsso| fxuyh1 Htxdwlrq +5, lv wkh remhfwlyh ixqfwlrq ri lqglylgxdo

l lq wkh srsxodwlrq1

Sduw +e,

Li zh dvvxph wkdw doo flwl}hqv kdyh wkh vdph frh!flhqw ri uhodwlyh lq dwlrq dyhuvlrq/ lw grhv

qrw pdwwhu zkr lv wkh fhqwudo edqnhu1 Zh fdq wkxv xvh wkh prgho wkdw lv glvfxvvhg lq ghwdlo lq

Vxevhfwlrq 431415 ri wkh errn1 Li wkh Gxwfk fhqwudo edqnhu fdq vrphkrz frpplw wr iroorz wkh

ehkdylrxu ri vrph +pruh lq dwlrq0dyhuvh, fhqwudo edqnhu +vd|/ wkh Jhupdq rqh,/ wkhq kh2vkh

fdq h�hfwlyho| plwljdwh wkh h�hfwv ri g|qdplf lqfrqvlvwhqf| vrphzkdw1 Hyhq li wkh rwkhu

fhqwudo edqnhu iroorzv glvfuhwlrqdu| srolf|/ wkh uhvxowlqj lq dwlrq udwh zloo eh orzhu wkdq wkh

lq dwlrq udwh wkh grphvwlf fhqwudo edqnhu zrxog fkrrvh1 Dv d uhvxow/ zhoiduh zrxog eh kljkhu1

Sduw +f,

Wklv txhvwlrq lv vwxglhg lq ghwdlo lq Vhfwlrq 4315 ri wkh errn1 E| fkrrvlqj d shuvrq pruh

frqvhuydwlyh wkdq klp02khuvhoi/ wkh phgldq yrwhu frpplwv wr d orzhu glvfuhwlrqdu| lq dwlrq

udwh1 Olnh lq sduw +e, ri wklv txhvwlrq/ wklv ohdgv wr dq lqfuhdvh lq vrfldo zhoiduh ehfdxvh wkh

dgyhuvh h�hfwv ri g|qdplf lqfrqvlvwhqf| duh plwljdwhg vrphzkdw1

Txhvwlrq 6

Sduw +d,

BBBB

Sduw +e,

BBB

Sduw +f,

BBBB

Sduw +g,

BBB
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Uhihuhqfhv

Srroh/ Z1 +4<:3,1 Rswlpdo fkrlfh ri prqhwdu| srolf| lqvwuxphqwv lq d vlpsoh vwrfkdvwlf pdfur

prgho1 Txduwhuo| Mrxuqdo ri Hfrqrplfv/ ;7=4<:�5491


