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Vroxwlrqv iru sureohpv wr Fkdswhu <

Txhvwlrq 4

Sduw +d,

Wkh Ehyhulgjh fxuyh lv wkh frpelqdwlrq ri ydfdqflhv +Y , dqg xqhpsor|phqw +X, iru zklfk

wkh  rz iurp hpsor|phqw wr xqhpsor|phqw h{dfwo| pdwfkhv wkh uhyhuvh  rz iurp xqhp0

sor|phqw wr hpsor|phqw1 Sxw gl�huhqwo|/ lw sorwv htxloleulxp +vwhdg|0vwdwh, xqhpsor|phqw

dv d ixqfwlrq ri wkh qxpehu ri ydfdqflhv1 Lq wkh prgho glvfxvvhg lq Fkdswhu </ wkh Ehyhulgjh

fxuyh lv jlyhq e|=

X @
v

v. i+�,
> +D4,

zkhuh X lv wkh xqhpsor|phqw udwh/ v lv wkh +h{rjhqrxv, mre ghvwuxfwlrq udwh/ i lv wkh mre

�qglqj udwh ri wkh zrunhuv/ dqg � � Y@X lv wkh oderxu pdunhw wljkwqhvv yduldeoh1 Zh w|slfdoo|

gudz wkh Ehyhulgjh fxuyh lq +Y>X, vsdfh�vhh iru h{dpsoh sdqho +e, ri Iljxuhv <140<181 Wkh

Ehyhulgjh fxuyh lv grzqzdug vorslqj= iru d jlyhq xqhpsor|phqw udwh/ d uhgxfwlrq lq Y ohdgv

wr d idoo lq wkh lqvwdqwdqhrxv suredelolw| ri �qglqj d mre +l1h1 i idoov,1 Iru srlqwv ehorz wkh

Ehyhulgjh fxuyh wkh xqhpsor|phqw udwh lv wkxv ohvv wkdq wkh udwh uhtxluhg iru  rz htxloleulxp

lq wkh oderxu pdunhw +X ? v@+v.i,,1 Wr uhvwruh  rz htxloleulxp +dqg uhwxuq wr wkh Ehyhulgjh

fxuyh, wkh xqhpsor|phqw udwh pxvw lqfuhdvh1

Wkh Ehyhulgjh fxuyh lv vkliwhg li mre ghvwuxfwlrq fkdqjhv ru li +fhwhulv sdulexv �, wkh

mre �qglqj udwh fkdqjhv1 Wkh odwwhu frxog wdnh sodfh li wkh pdwfklqj surfhvv ehfrphv pruh

surgxfwlyh/ h1j1 ehfdxvh ri ehwwhu lqirupdwlrq wudqvplvvlrq lq wkh oderxu pdunhw +vhh ehorz,1

Sduw +e,

Wkh pdwfklqj ixqfwlrq lv d wkhruhwlfdo frqvwuxfw qrw xqolnh wkh surgxfwlrq ixqfwlrq1 Lw pdnhv

wkh erog dvvxpswlrq wkdw wkh qxpehu ri pdwfkhv +hqfrxqwhuv ehwzhhq mre vhhnhuv dqg �upv
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zlwk d ydfdqf|, lv d vwdeoh frqvwdqw0uhwxuqv0wr0vfdoh ixqfwlrq ri wkh qxpehu ri mre vhhnhuv dqg

wkh qxpehu ri ydfdqflhv1 Lq wkh wh{w zh h{sodlq lq ghwdlo krz wkh gl�huhqw +lqvwdqwdqhrxv,

suredelolwlhv fdq eh glvwloohg iurp wkh pdwfklqj ixqfwlrq�vhh htxdwlrqv +<15, dqg +<18,1

Dvvxph wkdw wkh pdwfklqj ixqfwlrq lv Free0Grxjodv=

[Q @ D� +XQ,# +Y Q,�3#> +D5,

zlwk 3 ? � ? 4 dqg D� A 31 Wkh sdudphwhu D� fdq eh lqwhusuhwhg dv wkh jhqhudo sur0

gxfwlylw| lqgh{ lq wkh pdwfklqj surfhvv1 Wkh surjuhvvlrq ri lqwhuqhw whfkqrorj| +h1j1 vhdufk

hqjlqhv/ frpsxwhul}hg oderxu pdunhw gdwd edvhv/ hwfhwhud, lqfuhdvh D� 1

Xvlqj htxdwlrq +<15, zh �qg wkdw wkh zrunhu �qglqj udwh ri �upv lv=
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Dq lqfuhdvh lq pdwfklqj surgxfwlylw| lqfuhdvhv wkh zrunhu �qglqj udwh ri �upv1 Xvlqj htxd0

wlrq +<18, zh �qg wkdw wkh mre �qglqj udwh ri zrunhuv lv=
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Djdlq/ dq lqfuhdvh lq pdwfklqj surgxfwlylw| uhgxfhv wkh vhyhulw| ri wkh oderxu pdunhw iulfwlrq

h{shulhqfhg e| wkh zrunhu ehfdxvh lw lqfuhdvhv wkh mre �qglqj udwh1 +Revhuyh wkdw +D6, dqg

+D7, vdwlvi| wkh uhodwlrqvkls i @ �t1,

Txhvwlrq 5

Sduw +d,

Wkh prgho lv h{sodlqhg lq ghwdlo lq Vhfwlrq <14 lq wkh errn�vhh hvshfldoo| wkh ghwdlohg h{sod0

qdwlrq ehorz htxdwlrqv +<158,0+<15;,1

Sduw +e,

Li wkh lqwhuhvw udwh ulvhv wkhq vhyhudo wklqjv kdsshq1 Iluvw/ lw iroorzv iurp htxdwlrq +4, wkdw

�upv vfdoh grzq surgxfwlrq/ l1h1 wkh| uhgxfh wkh vwrfn ri fdslwdo shu zrunhu1 Wkh uhgxfwlrq lq

N ohdgv wr d uhgxfwlrq lq wkh pdujlqdo surgxfw ri oderxu +dsshdulqj lq +5, dqg +6,, ehfdxvh

wkh wzr surgxfwlrq idfwruv duh frrshudwlyh1 Vhfrqg/ lw iroorzv iurp htxdwlrq +5, wkdw wkh

ydoxh ri rffxslhg mre ehfrphv vpdoohu ehfdxvh Iu �z lv glvfrxqwhg pruh khdylo|1

Lq whupv ri Iljxuh 4/ wkh ]S frqglwlrq +gh�qhg e| +5,, vkliwv grzq dv grhv wkh ZV fxuyh

+gh�qhg e| +6,,1 Wkh zdjh udwh xqdpeljxrxvo| ghfolqhv exw wkh h�hfw rq oderxu pdunhw wljkw0

qhvv dsshduv wr eh dpeljxrxv iurp wkh gldjudp1 Lw fdq eh vkrzq pdwkhpdwlfdoo|/ krzhyhu/

wkdw � idoov dv d uhvxow ri wkh lqfuhdvh lq u1 Zh iroorz wkh vdph dssurdfk dv lq wkh dsshqgl{

wr Fkdswhu <1 Iluvw zh orjolqhdul}h htxdwlrqv +5,0+6,/ kroglqj frqvwdqw }/ �/ dqg �1 +Zh doorz
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Iljxuh 4= Wkh h�hfwv ri d kljkhu lqwhuhvw udwh

�f wr ydu| ehfdxvh zh qhhg wklv lq sduw +f, ri wklv txhvwlrq1, Khuh zh vkrz lq vrph ghwdlo

krz wklv lv grqh1 E| gl�huhqwldwlqj htxdwlrq +5, zh rewdlq=
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Gl�huhqwldwlrq ri htxdwlrq +6, |lhogv=

gz @ �

�
gIu . ��f

g�f
�f

. ��f
g�

�

�

@ �gIu . ���f

�
g�f
�f

.
g�

�

�
= +D5,

Iurp wkh gh�qlwlrq ri �+�, +lq htxdwlrq +<17,, zh nqrz wkdw=
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Htxdwlrqv +D4,0+D6, fdq eh xvhg wr vroyh �� � g�@� dqg gz lq whupv ri �u � gu@u/ gIu/ dqg
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Wkh pdwul{ rq wkh ohiw0kdqg vlgh kdv d qhjdwlyh ghwhuplqdqw/ htxdo wr � ^�+Iu �z, . ��f�`/
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E| vhwwlqj ��f @ 3 zh rewdlq wkh uhvxow iru �� iurp wkh �uvw olqh ri +D9,=
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Dv d uhvxow ri wkh lqfuhdvh lq wkh lqwhuhvw udwh/ wkh oderxu pdunhw wljkwqhvv yduldeoh idoov iru wzr

uhdvrqv1 Iluvw/ wkh �up*v vxusoxv shu rffxslhg mre lv glvfrxqwhg pruh khdylo|/ wkxv uhgxflqj

wkh ydoxh ri rffxslhg mrev dqg ghfuhdvlqj wkh vxsso| ri ydfdqflhv1 Wklv uhqw glvfrxqwlqj

h�hfw lv uhsuhvhqwhg e| wkh �uvw whup rq wkh uljkw0kdqg vlgh ri +D:,1 Vhfrqg/ wkh lqwhuhvw udwh

lqfuhdvh surpswv wkh �up wr vfdoh grzq e| klulqj ohvv fdslwdo1 Wklv ohdgv wr d uhgxfwlrq lq

wkh pdujlqdo surgxfw ri fdslwdo1 Wklv oderxu surgxfwlylw| h�hfw lv uhsuhvhqwhg e| wkh vhfrqg

whup rq wkh uljkw0kdqg vlgh ri +D:,1

Lq whupv ri Iljxuh 4/ sdqho +d,/ wkh htxloleulxp vkliwv iurp Hf wr H�/ dqg erwk z dqg �

idoo1 Lq sdqho +e, wkh oderxu pdunhw wljkwqhvv olqh urwdwhv lq d forfnzlvh idvklrq/ iurp OPWf

wr OPW�/ xqhpsor|phqw lqfuhdvhv dqg ydfdqflhv idoo1

Sduw +f,

D uhgxfwlrq lq wkh �upv* vhdufk frvwv d�hfwv erwk wkh }hur sur�w frqglwlrq +5, dqg wkh zdjh

vhwwlqj htxdwlrq +6,1 Lq whupv ri Iljxuh 5/ wkh ]S fxuyh vkliwv xs li �f idoov1 Lqwxlwlyho|/ iru

d jlyhq ydoxh ri �/ h{shfwhg ydfdqf| frvwv +�f@t+�,, idoo vr wr uhvwruh }hur0sur�w htxloleulxp

wkh glvfrxqwhg ydoxh ri uhqwv hduqhg rq oderxu +Iu�z,@+u. v,, pxvw idoo dovr/ l1h1 wkh zdjh

pxvw ulvh1

Wkh ZV fxuyh vkliwv grzq1 Lqwxlwlyho|/ lq wkh Qdvk edujdlqlqj rxwfrph/ wkh zrunhuv

fdswxuh d sduw ri wkh iruhjrqh vhdufk frvwv +��f, lq wkh irup ri kljkhu zdjhv�vhh htxdwlrq

+<157, lq wkh errn1 Li wkhvh frvwv ghfolqh wkh zdjh idoov dovr1
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Iljxuh 5= Wkh h�hfwv ri d uhgxfwlrq lq �up vhdufk frvwv

Zh revhuyh iurp +D9, wkdw d ghfuhdvh lq �f ohdgv wr dq lqfuhdvh lq erwk � dqg z1 Khqfh/

lq whupv ri Iljxuh 5/ sdqho +d,/ wkh htxloleulxp vkliwv iurp Hf wr H�1 Lq sdqho +e,/ wkh oderxu

pdunhw wljkwqhvv frqglwlrq urwdwhv frxqwhuforfnzlvh iurp OPWf wr OPW�1 Xqhpsor|phqw

idoov dqg ydfdqflhv lqfuhdvh1


