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Vroxwlrqv iru sureohpv wr Fkdswhu ;

Txhvwlrq 4

Sduw +d,

Wkh ydolglw| ri wklv vwdwhphqw ghshqgv rq wkh w|sh ri xqlrq prgho rqh xvhv1 Lq wkh prqrsro|

xqlrq prgho dqg lq wkh uljkw0wr0pdqdjh prgho wkh vwdwhphqw lv fruuhfw1 Lq wkh �uvw prgho

euhdnlqj xqlrq srzhu zrxog suhvxpdeo| ure lw ri lwv prqrsro| srzhu +h1j1 e| doorzlqj rwkhu

xqlrqv wr hqwhu ru e| iruelgglqj xqlrqv dowrjhwkhu,1 Lq wkh h{wuhph fdvh/ wkh zdjh zrxog eh

gulyhq wr lwv uhvhuydwlrq ohyho +E, dqg hpsor|phqw zrxog eh h{sdqghg iurp O� wr O� lq

Iljxuh ;161

Lq wkh uljkw0wr0pdqdjh prgho/ euhdnlqj xqlrq srzhu frxog eh lqwhusuhwhg dv d ghfuhdvh lq

�/ wkh uhodwlyh edujdlqlqj srzhu ri wkh xqlrq lq wkh jhqhudol}hg Qdvk edujdlqlqj prgho1 Wklv

zrxog pryh wkh vroxwlrq lq wkh gluhfwlrq ri wkh frpshwlwlyh vroxwlrq +srlqw F lq Iljxuh ;17,

dqg h{sdqg hpsor|phqw1

Lq wkh h!flhqw edujdlqlqj prgho/ krzhyhu/ wkh vwdwhphqw lv lqfruuhfw1 Lq wkdw prgho/

euhdnlqj xqlrq srzhu fdq eh lqwhusuhwhg dv d ghfuhdvh lq wkh vkduh ri rxwsxw wkdw jrhv wr wkh

zrunhuv +�zdjh prghudwlrq�,/ l1h1 d uhgxfwlrq lq n lq htxdwlrq +;155,1 Lq whupv ri Iljxuh ;18/

wklv vkliwv wkh htxlw| orfxv wr wkh ohiw dqg uhgxfhv erwk wkh zdjh dqg hpsor|phqw1 Mrev duh

wxuqhg lqwr sur�wv +uhzdugv wr fdslwdo rzqhuv,1

Sduw +e,

Wklv vwdwhphqw wrxfkhv rq wkh lghd ri frusrudwlvp/ glvfxvvhg lq Vhfwlrq ;15 ri wkh errn1 Zlwk

zhdn2vpdoo wudgh xqlrqv ru zlwk d frpshwlwlyh oderxu pdunhw/ wkhuh lv olwwoh xqhpsor|phqw

dqg orz zdjhv +vhh Iljxuh ;1: lq wkh errn,1 D odujh2fhqwudol}hg wudgh xqlrq dovr fkrrvhv d

kljk hpsor|phqw0orz jurvv zdjhv vroxwlrq ehfdxvh lw whqgv wr �lqwhuqdol}h� wkh jryhuqphqw

exgjhw frqvwudlqw1 Lw nqrzv wkdw kljk zdjh fodlpv fdxvh xqhpsor|phqw/ kljk rxwod|v rq
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xqhpsor|phqw ehqh�wv/ dqg wkxv kljk oderxu lqfrph wd{hv dqg orz diwhu0wd{ zdjhv iru wkh

zrunhuv1

Lq wkh lqwhuphgldwh fdvh/ zlwk phglxp vl}hg xqlrqv/ wkh hfrqrp| lv lq wkh zruvw ri erwk

zruogv1 Wkh xqlrqv duh odujh hqrxjk wr fdxvh gdpdjh +ghpdqg kljk zdjhv dqg fdxvh xqhp0

sor|phqw, exw wkh| duh wrr vpdoo wr wdnh wkh jryhuqphqw exgjhw frqvwudlqw lqwr dffrxqw1

Sduw +f,

Wklv vwdwhphqw lv wuxh xqghu iru doo wudgh xqlrq prghov frqvlghuhg1 Zlwk d kljk ghjuhh ri fru0

srudwlvp/ wkh odujh xqlrqv zloo orzhu wkhlu pdunxs wr dyrlg fdxvlqj wrr pxfk xqhpsor|phqw

dqg h{fhvvlyho| kljk oderxu lqfrph wd{hv1

Txhvwlrq 5

Zh duh iuhh wr fkrrvh wkh vlpsohvw xqlrq prgho durxqg1 Wklv lv/ ri frxuvh/ wkh prqrsro| xqlrq

prgho zlwk orjdulwkplf phpehu suhihuhqfhv dqg d frqvwdqw hodvwlflw| ri oderxu ghpdqg1 Lq

sduw +e, ri wkh txhvwlrq zh pxvw vd| vrphwklqj derxw wkh pdunhw lq zklfk wkh �up vhoov lwv

surgxfw1 Wr gr vr zh pxvw h{sdqg wkh prgho vrphzkdw1 Lq sduw +g, zh pxvw lqwurgxfh wkh

hpsor|huv* wd{ rq oderxu lqwr wkh prgho1

Sduw +d,

Dffruglqj wr htxdwlrq +;1<, lq wkh errn/ wkh prqrsro| xqlrq vhw wkh zdjh dffruglqj wr=

x+z,� x+E,

zx�
@

4

�(
= +D4,

Dvvxplqj wkdw x+�, lv orjdulwkplf/ zh rewdlq=

z @ h�*"(E= +D5,

Li �( lv frqvwdqw/ lw iroorzv gluhfwo| iurp +D5, wkdw dq lqfuhdvh lq E ohdgv wr dq lqfuhdvh lq

wkh zdjh1 Vlqfh oderxu ghpdqg vorshv grzqzdugv/ hpsor|phqw gursv r� dqg xqhpsor|phqw

lqfuhdvhv1

Sduw +e,

Wr vwxg| wkh h�hfw ri wkh �up*v pdunhw srzhu lq wkh jrrgv pdunhw zh pxvw pryh eh|rqg wkh

shuihfwo| frpshwlwlyh prgho ri wkh �up xvhg lq Fkdswhu ; +ehfdxvh wkhuh wkh �up kdv }hur

pdunhw srzhu,1 Dvvxph wkdw wkh w|slfdo �up m kdv +d olwwoh elw ri, pdunhw srzhu dqg idfhv d

grzqzdug vorslqj +lqyhuvh, ghpdqg fxuyh iru lwv surgxfw=

S� @ S +\�,> +D6,
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zlwk S �+�, ? 31 Wkh �up*v vkruw0uxq sur�w/ ��/ lv gh�qhg e|=

�� � S�I +O� > �N,�ZO�> +D7,

zkhuh I +�, lv d frqvwdqw uhwxuqv wr vfdoh surgxfwlrq ixqfwlrq/ O� lv oderxu lqsxw/ dqgZ lv wkh

qrplqdo zdjh1 Wkh �up*v rxwsxw lv jlyhq e| \� @ I +O� > �N,1 Wkh �up fkrrvhv lwv sulfh/ S� /

dqg lwv ghpdqg iru oderxu/ O� / vxfk wkdw +D7, lv pd{lpl}hg/ wdnlqj lqwr dffrxqw wkdw orzhu

rxwsxw surgxfhv d kljkhu surgxfw sulfh dffruglqj wr +D6,1 E| lqvhuwlqj S� @ S +I +O�> �N,,

lqwr +D7, zh rewdlq sur�wv lq whupv ri O� rqo|=

�� � S +I +O�> �N,,I +O� > �N,�ZO�= +D8,

Pd{lpl}lqj +D8, zlwk uhvshfw wr O� |lhogv wkh iroorzlqj �uvw0rughu frqglwlrq=

g��
gO�

@ S +�,Iu . I +�,S �+�,Iu �Z @ 3> +D9,

zkhuh Iu � CI@CO� lv wkh pdujlqdo surgxfw ri oderxu1 E| uhduudqjlqj +D9, vrphzkdw/ zh

rewdlq=

Iu
�
S +�, . I +�,S �+�,� @ Z /

IuS +�,
�
4 . \�

S �+�,
S +�,

�
@ Z /

IuS�

�
4� 4

�(

�
@ Z /

Iu @

�
�(

�( � 4

�
Z

S�
> +D:,

zkhuh �( � �S +�,@+\�S �+�,, A 3 lv wkh devroxwh ydoxh ri wkh sulfh hodvwlflw| ri �up m*v ghpdqg

fxuyh1

Dffruglqj wr +D:,/ d �up zlwk vrph pdunhw srzhu htxdwhv wkh pdujlqdo surgxfw ri oderxu

+ohiw0kdqg vlgh, wr d jurvv pdunxs +whup lq urxqg eudfnhwv rq wkh uljkw0kdqg vlgh, wlphv wkh

uhdo zdjh udwh1 Wklv pdunxs/ �(@+�( � 4, h{fhhgv xqlw| +ehfdxvh �( A 4, dqg lv ghfuhdvlqj

lq wkh ghpdqg hodvwlflw|/ �(1 +Lq wkh shuihfwo| frpshwlwlyh fdvh/ �( $ 4 dqg wkh pdunxs lv

xqlw|1, Khqfh/ wkh kljkhu lv �(/ wkh pruh frpshwlwlyh lv wkh jrrgv pdunhw/ wkh orzhu lq wkh

pdunxs/ dqg wkh kljkhu lv wkh ghpdqg iru oderxu dw d jlyhq uhdo zdjh udwh1 Zh frqfoxgh wkdw

wkh ghpdqg iru oderxu ghshqgv qhjdwlyho| rq wkh pdunxs dqg wkxv srvlwlyho| rq wkh ghpdqg

hodvwlflw|/ �(1

O( @ O(+z
3

> �(
n

> �N
n
, +D;,

Li zh orrn dw wkh pdunxs h{suhvvlrq iru wkh wudgh xqlrq +htxdwlrq +D5, deryh, zh vhh

wkdw lw lv qrw wkh ohyho ri oderxu ghpdqg wkdw pdwwhuv exw udwkhu wkh hodvwlflw| ri wkh oderxu

ghpdqg fxuyh1 Li wklv hodvwlflw| lv frqvwdqw +dv zh dvvxph, wkhq qrwklqj kdsshqv wr wkh uhdo

zdjh li frpshwlwlyhqhvv lv lqfuhdvhg1 Lq whupv ri Iljxuh 4/ oderxu ghpdqg vkliwv wr wkh uljkw

dqg wkh xqlrq*v rswlpdo srlqw vkliwv iurp Pf wr P�1 Hpsor|phqw lqfuhdvhv iurp O�f wr O��
dqg xqhpsor|phqw ghfuhdvhv1
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Iljxuh 4= Lqfuhdvhg jrrgv pdunhw frpshwlwlrq dqg wkh prqrsro| xqlrq

Sduw +f,

Wklv lvvxh lv h{sodlqhg lq ghwdlo lq Vhfwlrq ;1814 ri wkh errn1 D idoo lq wkh ghjuhh ri surjuhvvlylw|

+d ulvh lq v lq htxdwlrq +;176,, lqfuhdvhv erwk wkh zdjh udwh dqg xqhpsor|phqw1

Sduw +g,

Dvvxph wkdw wkh uhsuhvhqwdwlyh �up lv shuihfwo| frpshwlwlyh1 Vkruw0uxq sur�w lv gh�qhg dv=

� @ SI +O> �N,�Z +4 . w.,O> +D<,

zkhuh w. lv wkh sd|uroo wd{1 Vkruw0uxq sur�w pd{lpl}dwlrq |lhogv wkh pdujlqdo surgxfwlylw|

frqglwlrq iru oderxu=

Iu+O> �N, @ +4 . w.,

�
Z

S

�
= +D43,

Dq lqfuhdvh lq w. vkliwv oderxu ghpdqg wr wkh ohiw1 Zlwk d frqvwdqw hodvwlflw| ri oderxu

ghpdqg/ wkh xqlrq grhv qrw fkdqjh wkh uhdo zdjh/ vr hpsor|phqw idoov dqg xqhpsor|phqw

lqfuhdvhv1

Sduw +h,

Wklv lvvxh lv h{sodlqhg lq ghwdlo lq Vhfwlrq ;1814 ri wkh errn1 Dq lqfuhdvh lq wkh dyhudjh wd{/

w�/ lqfuhdvhv erwk wkh zdjh dqg xqhpsor|phqw�vhh htxdwlrq +;176,1
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Txhvwlrq 6

Wklv txhvwlrq lv h{sodlqhg lv ghwdlo lq Vhfwlrq ;16 ri wkh errn1

Txhvwlrq 7

Sduw +d,

Vhh Vhfwlrq ;14171 lq wkh errn1

Sduw +e,

Frqvlghu Iljxuh ;19 lq wkh errn1 Li wkh xqlrqv d edqlvkhg iurp wkh sulpdu| vhfwru/ wkhuh

zloo eh hqwu| ri vhfrqgdu| vhfwru zrunhuv lqwr wkh sulpdu| vhfwru xqwlo zdjhv duh htxdol}hg

lq wkh wzr vhfwruv1 Wkh hfrqrp| zloo jr wr srlqw F/ dqg +iru wkh fdvh gudzq lq wkh �jxuh,

xqhpsor|phqw zloo glvdsshdu1 Wklv lv ehfdxvh z� lv vwulfwo| deryh wkh xqhpsor|phqw ehqh�w/

E1

Sduw +f,

Zh djdlq uhihu wr Iljxuh ;19 lq wkh errn1 D zdjh vxevlg| lq wkh vhfrqgdu| vhfwru zloo

vwlpxodwh oderxu ghpdqg lq wkdw vhfwru/ l1h1 O(2 +z2, zloo vkliw wr wkh ohiw1 Xqhpsor|phqw lq

wkh vhfrqgdu| vhfwru zloo ghfuhdvh dv d uhvxow1

Txhvwlrq 8

Wr dqvzhu wklv txhvwlrq rqh vkrxog frqgxfw d vxuyh| ri wkh hpslulfdo olwhudwxuh rq xqhp0

sor|phqw lq Hxursh1 D jrrg +exw qrz vrphzkdw gdwhg, vwduwlqj srlqw frxog eh wkh errn

e| Od|dug/ Qlfnhoo dqg Mdfnpdq +4<<4,1 Wkh hpslulfdo olwhudwxuh vhhpv wr vkrz wkdw xqhp0

sor|phqw ghshqgv rq d orw ri idfwruv/ qrw mxvw rq wkh ohyho ri xqhpsor|phqw ehqh�wv +E,1

Ixuwkhupruh/ wkhuh pd| eh lqwhuuhodwhg h�hfwv1 Iru h{dpsoh/ dvvxph wkdw E lv xqwd{hg dqg

uhpdlqv frqvwdqw1 Wkhq d fkdqjh lq wkh oderxu lqfrph wd{ zloo d�hfw wkh h�hfwlyh xqhpsor|0

phqw ehqh�w +E@+4� w,, dqg wkxv lq xhqfh xqhpsor|phqw1


