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Txhvwlrq 4

Sduw +d,

Wkh frqvrolgdwhg exgjhw frqvwudlqw ri wkh jryhuqphqw lv jlyhq lq htxdwlrq +9194, lq wkh errn=

^�� �` +4 . u,Ef .J�
� .

J�
2

4 . u
.

+u� uC,J
U
�

4 . u
@ w�\� .

w2\2
4 . u

> +D4,

zkhuh �� lv wkh suhvhqw ydoxh ri wkh qhw oldelolwlhv ri wkh jryhuqphqw1 Zh lpphgldwho| vhh

wkh jroghq uxoh ri sxeolf �qdqfh= wr wkh h{whqw wkdw sxeolf lqyhvwphqw surmhfwv hduq d udwh ri

uhwxuq htxdo wr wkh pdunhw udwh ri uhwxuq +vr wkdw uC @ u, wkh| gr qrw uhsuhvhqw d qhw oldelolw|

ri wkh jryhuqphqw1 Wkh jryhuqphqw vkrxog eruurz wkh ixqgv wr �qdqfh wkhvh lqyhvwphqwv1

Wkh dgydqwdjh lv wkdw wkh jryhuqphqw kdv qr qhhg wr xvh glvwruwlqj wd{hv lq rughu wr udlvh

wkh uhyhqxhv1 Wkh glvdgydqwdjh duh= +l, lw lv vhqvlwlyh wr srolwlfdo dexvh +srolwlfldqv zloo wu|

wr odeho jryhuqphqw frqvxpswlrq lwhpv dv li wkh| duh lqyhvwphqw lwhpv,> +ll, lw lv qrw hdv| wr

hvwlpdwh wkh udwh ri uhwxuq rq sxeolf lqyhvwphqw surmhfwv +srolwlfldqv zloo kdyh dq lqfhqwlyh

wr ryhuvwdwh lw,1 Sulydwh vhfwru �upv wkdw frqwlqxdoo| lqyhvw lq orz0|lhoglqj surmhfwv zloo

hyhqwxdoo| jr rxw ri exvlqhvv1 Wkh jryhuqphqw grhv qrw kdyh wkdw glvflsolqlqj ghylfh1

Sduw +e,

E| d whpsrudu| lqfuhdvh lq sxeolf frqvxpswlrq zh phdq wkh vlwxdwlrq lq zklfk �� lv xq0

fkdqjhg/ l1h1 J�
�

ulvhv exw J�
2

idoov/ vxfk wkdw wkh qhw oldelolwlhv ri wkh jryhuqphqw duh

xqfkdqjhg1 Lw lv RN wr ohdyh wkh wd{ udwhv xqfkdqjhg dqg wr �qdqfh wkh whpsrudu| lqfuhdvh

lq jryhuqphqw frqvxpswlrq zlwk ghew1 Wklv fdq eh looxvwudwhg zlwk wkh dlg ri Iljxuh 41 Lq

wkdw �jxuh wkh xszdug vorslqj olqh +odehoohg w� @ w2, lv wkh wd{ vprrwklqj olqh/ zkhuhdv wkh

4
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Iljxuh 4= Whpsrudu| dqg shupdqhqw vshqglqj vkrfnv

vrolg grzqzdug vorslqj olqh lv wkh frqvrolgdwhg exgjhw frqvwudlqw ri wkh jryhuqphqw +htxdwlrq

+D4,, uhzulwwhq lq whupv ri rxwsxw vkduhv=

�� @ w� .

�
4 . �

4 . u

�
w2> +D5,

zkhuh �� � ��@\�/ � � \2@\� � 4 lv wkh jurzwk udwh lq wkh hfrqrp|/ dqg �� lv jlyhq e|=

�� � j�� .

�
4 . �

4 . u

�
j�2 .

�
u � uC
4 . u

�
jU� . +4 . u,ef> +D6,

zkhuh j�| � J�
| @\|/ j

U
�
� JU

�
@\�/ dqg ef � Ef@\�1 Wkh gh�flw lq shulrg 4 fdq dovr eh zulwwhq

lq whupv ri rxwsxw vkduhv=

g� � uef . j�� . jU� � w�> +D7,

zkhuh g� � G�@\�1

Wkh vshqglqj srlqw lv gh�qhg dv wkh srlqw zkhuh g� @ 3/ dqg lv gudzq dv srlqw H7
f
lq Iljxuh

41 Wkh rswlpdo wd{dwlrq srlqw lv jlyhq e| srlqw HA
f
1 D whpsrudu| lqfuhdvh lq jryhuqphqw

frqvxpswlrq lpsolhv wkdw wkh vshqglqj srlqw pryhv dorqj wkh lqlwldo exgjhw olqh iurp H7
f

wr H7
�
1 Wkh rswlpdo wd{dwlrq srlqw lv xqd�hfwhg1 Vlqfh wkh wd{ udwhv duh qrw fkdqjhg exw

vshqglqj lq wkh �uvw shulrg lv lqfuhdvhg/ lw iroorz iurp +D7, wkdw wkh gh�flw lq shulrg 4 lv

lqfuhdvhg +gg�@gj�� @ 4,1
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Sduw +f,

D shupdqhqw lqfuhdvh lq jryhuqphqw vshqglqj lpsolhv wkdw �� lwvhoi lqfuhdvhv1 Lq whupv ri

Iljxuh 4/ wkh exgjhw olqh vkliwv rxw1 Dvvxplqj wkdw wkh vshqglqj lqfuhdvh wdnhv sodfh lq wkh

vhfrqg shulrg/ wkh vshqglqj srlqw pryhv iurp H7
f
wr H7

2
1 Wkh rswlpdo wd{ srlqw vkliwv iurp

HA
f
wr HA

�
vr erwk wd{ udwhv duh lqfuhdvhg lpphgldwho| +lq dqwlflsdwlrq ri wkh kljkhu vshqglqj

lq wkh vhfrqg shulrg,1

Sduw +g,

Wkh Hxohu htxdwlrq iru wkh jryhuqphqw*v rswlpdo wd{ sodq lv jlyhq e| htxdwlrq +9199, lq wkh

errn=

w�
w2

@
4 . u

4 . �C
= +D8,

Lw iroorzv wkdw d vkruw0vljkwhg jryhuqphqw kdv wkh whqghqf| wr srvwsrqh wd{dwlrq/ l1h1 wr vhw

w� pxfk orzhu wkdq w21 Wr �jxuh rxw zkdw kdsshqv wr sxeolf ghew zh qrwh wkdw wkh gh�flw lq

shulrg 4 lv jlyhq e| +D7, deryh1 Vlqfh wkh srolf| pdnhu fkrrvhv d orz wd{ udwh lq wkh �uvw

shulrg lw uxqv d odujh gh�flw lq wkdw shulrg1 Dv d uhvxow wkh ghew lq wkh vhfrqg shulrg lv odujh1

Uhfdoo wkdw G�.G2.Ef @ 31 E| uhzulwlqj wklv h{suhvvlrq lq whupv ri lqfrph vkduhv zh jhw=

G�

\�
.

G2

\2

\2
\�

.
Ef

\�
@ 3 / g� . +4 . �,g2 . ef @ 3 /

�g2 @
g� . ef
4 . �

= +D9,

Wkh vxusoxv lq wkh vhfrqg shulrg pxvw eh odujh gxh wr wkh p|rslf qdwxuh ri wkh srolf| pdnhu1

Txhvwlrq 5

Sduw +d,

Li oderxu vxsso| lv hqgrjhqrxv wkhq wkh wd{ udwhv zloo wkhpvhoyhv lqwurgxfh glvwruwlrqv1

Zkhuhdv lqfrph lv h{rjhqrxvo| jlyhq lq wkh vwdqgdug fdvh glvfxvvhg lq wkh wh{w/ zlwk hq0

grjhqrxv oderxu vxsso| \� dqg \2 zloo ghshqg rq wkh wd{ udwhv lq wkh wzr shulrgv1 Wkh

Ulfdugldq h{shulphqw +d fxw lq w� dqg dq lqfuhdvh lq w2, zloo wkhq d�hfw wkh suhvhqw ydoxh

ri lqfrph ri wkh krxvhkrogv1 Dv d uhvxow/ Ulfdugldq htxlydohqfh zloo qrw jhqhudoo| krog dq|

pruh1

Sduw +e,

Zkhq krxvhkrogv kdyh rqo| olplwhg dffhvv wr wkh fdslwdo pdunhwv Ulfdugldq htxlydohqfh zloo

qrw jhqhudoo| krog dq| pruh1 Lq wkh wh{w zh vkrz wkdw d krxvhkrog zklfk idfhv elqglqj

eruurzlqj frqvwudlqwv zloo eh xqdeoh wr uhdol}h lwv rswlpdo frqvxpswlrq srlqw1 Lqvwhdg/ lw
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zloo fkrrvh d vhfrqg0ehvw rswlpdo frqvxpswlrq sodq wkdw lv uhvwulfwhg e| lqfrph lq wkh wzr

shulrgv1 D wd{ fxw lq wkh fxuuhqw shulrg pryhv wkh lqfrph0hqgrzphqw srlqw lq wkh gluhfwlrq

ri wkh rswlpdo frqvxpswlrq srlqw dqg pdnh wkh krxvhkrog ehwwhu r�1 Frqvxpswlrq lq wkh

wzr shulrgv lv d�hfwhg dqg Ulfdugldq htxlydohqfh grhv qrw krog1

Sduw +f,

Zkhq qhz jhqhudwlrqv duh eruq zklfk duh qrw dowuxlvwlfdoo| olqnhg zlwk h{lvwlqj jhqhudwlrqv/

wkhq wkh ixwxuh wd{ ordg zloo eh fduulhg e| pruh vkrxoghuv1 Dv d uhvxow/ d wd{ fxw qrz zloo pdnh

fxuuhqw jhqhudwlrqv ehwwhu r� dqg zloo surpsw wkhp wr frqvxph pruh1 Ulfdugldq htxlydohqfh

zloo qrw krog1 Li/ rq wkh rwkhu kdqg/ wkh qhz jhqhudwlrqv duh dowuxlvwlfdoo| olqnhg zlwk wkh

suhvhqw jhqhudwlrqv wkhq Ulfdugldq htxlydohqfh zloo krog djdlq1 Wkh uhdvrq lv wkdw srvlwlyh

ehtxhvwv zloo hqvxuh wkdw suhvhqw dqg ixwxuh jhqhudwlrqv duh frqqhfwhg wr hdfk rwkhu1

Sduw +g,

Zkhq krxvhkrogv duh ulvn dyhuvh dqg ixwxuh lqfrph lv vwrfkdvwlf wkhq wkh| zloo hqjdjh lq vr0

fdoohg suhfdxwlrqdu| vdylqjv1 D wd{ fxw qrz/ pdwfkhg e| d wd{ lqfuhdvh odwhu/ zloo hqvxuh wkdw

suhfdxwlrqdu| vdylqjv idoo1 Wkh uhdvrq lv wkdw wkh ixwxuh wd{ lqfuhdvh uhgxfhv wkh yduldqfh ri

ixwxuh diwhu0wd{ lqfrph1 D whpsrudu| wd{ fxw wkxv errvwv frqvxpswlrq/ zklfk lv lqfrqvlvwhqw

zlwk Ulfdugldq htxlydohqfh1

Txhvwlrq 6

Sduw +d,

Dffruglqj wr +4,/ olihwlph xwlolw| +Y , lv wkh vxp ri iholflw| lq wkh fxuuhqw shulrg dqg zhljkwhg

iholflw| lq wkh vhfrqg shulrg1 Wkh krxvhkrog glvfrxqwv ixwxuh iholflw| ehfdxvh lw h{klelwv wlph

suhihuhqfh1 Htxdwlrqv +5, dqg +6, duh exgjhw lghqwlwlhv/ l1h1 wkh| krog e| gh�qlwlrq1 Zh

rewdlq wkh olihwlph exgjhw frqvwudlqw e| vhwwlqj D2 @ 31 Lw pdnhv qr vhqvh iru wkh krxvhkrog

wr glh zlwk srvlwlyh dvvhwv +l1h1 D2 � 3, dqg fdslwdo pdunhwv zloo qrw doorz wkh krxvhkrog

wr glh lqghewhg +l1h1 D2 � 3,1 Frpelqj wkh wzr lqhtxdolwlhv |lhogv D2 @ 3 dv wkh vroyhqf|

frqglwlrq1 E| vxevwlwxwlqj +5, lqwr +6, dqg vhwwlqj D2 @ 3 zh �qg wkh krxvhkrog exgjhw

frqvwudlqw=

F� .
F2

4 . u
@ +4 . u,Df .

�
+4� w�,\� .

+4� w2,\2
4 . u

�
� 
= +D4,
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Sduw +e,

Wkh jryhuqphqw exgjhw lghqwlwlhv duh=

uEf .J� � w�\� @ E� �Ef> +D5,

uE� .J2 � w2\2 @ E2 �E� @ �E�> +D6,

zkhuh E� lv jryhuqphqw ghew lq shulrg l1 Wkh vroyhqf| frqglwlrq iru wkh jryhuqphqw lv

E2 @ 31 E| frpelqj +D5, dqg +D6, dqg vhwwlqj E2 @ 3 zh �qg wkh exgjhw frqvwudlqw ri wkh

jryhuqphqw=

+4 . u,Ef .J� .
J2

4 . u
@ w�\� .

w2\2
4 . u

= +D7,

Vlqfh jryhuqphqw erqgv duh wkh rqo| �qdqfldo dvvhw lq wklv hfrqrp|/ D� @ E�1 E| xvlqj wklv

lq +D4, dqg +D7, zh �qg=

+4 . u,Df @ F� .
F2

4 . u
�
�
+4� w�,\� .

+4� w2,\2
4 . u

�

@ w�\� .
w2\2
4 . u

�
�
J� .

J2

4 . u

�
> +D8,

ru=

F� .
F2

4 . u
@ \� �J� .

\2 �J2

4 . u
= +D9,

Wkh wd{ sdudphwhuv gurs rxw ri wkh uhzulwwhq krxvhkrog exgjhw frqvwudlqw1 Wkh sdwk ri wd{hv

grhv qrw pdwwhu iru wkh uhdo htxloleulxp lq wkh hfrqrp|1

Sduw +f,

Wkh Odjudqjhdq dvvrfldwhg zlwk wkh rswlpl}dwlrq sureohp lv=

O � F
�3�*j
�

� 4

4� 4@�
. �

#
F
�3�*j
2

� 4

4� 4@�

$
. �

�

�F� � F2

4 . u

�
= +D:,

Wkh �uvw0rughu frqglwlrqv duh wkh exgjhw frqvwudlqw +D4, dqg=

CO
CF�

@ F
3�*j
�

� � @ 3> +D;,

CO
CF2

@ �F
3�*j
2

� �

4 . u
@ 3= +D<,

E| frpelqlqj +D;,0+D<,/ wkh vr0fdoohg frqvxpswlrq Hxohu htxdwlrq lv rewdlqhg=

� @ F
3�*j
�

@ �+4 . u,F
3�*j
2

,
�
F2

F�

��*j

@ �+4 . u, ,
F2

F�

@ ^�+4 . u,`j = +D43,
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Qrwh wkdw +D43, lv wkh vdph dv htxdwlrq +9148, lq wkh errn li � @ 4 +uhfdoo wkdw � � 4@+4.�,,1

Qh{w zh �qg wkh ohyhov ri F� dqg F2 e| frpelqlqj +D43, dqg wkh exgjhw frqvwudlqw +D4,1

Zh rewdlq=

F� .
^�+4 . u,`j F�

4 . u
@ 


F�

�
4 . �j+4 . u,j3�

�
@ 


F� @



^4 . �j+4 . u,j3�`
= +D44,

Lw iroorzv iurp +D44, dqg +D43, wkdw F2 lv=

F2 @ ^�+4 . u,`j F� @
^�+4 . u,`j 


^4 . �j+4 . u,j3�`
= +D45,

Li � @ 4/ wkhq +D44, dqg +D45, frlqflgh zlwk wkh h{suhvvlrqv irxqg lq htxdwlrq +9149, lq wkh

errn1

Ilqdoo|/ e| qrwlqj wkdw V� � D� �Df zh �qg=

V� @ D� �Df @ uDf . +4� w�,\� �F�

@ uDf . +4� w�,\� � 


^4 . �j+4 . u,j3�`

@

�
^�+4 . u,`j ^uDf . +4� w�,\�`� +4� w2,\2

+4 . u, ^4 . �j+4 . u,j3�`

�
> +D46,

zkhuh zh kdyh xvhg wkh gh�qlwlrq ri 
 lq wkh �qdo vwhs1

Sduw +g,

Li wkhuh lv d eurdg0edvhg lqfrph wd{/ zklfk lqfoxghv lqwhuhvw lqfrph lq wkh wd{ edvh/ wkhq wkh

vdylqjv ghflvlrq zloo eh glvwruwhg1 Wklv lv h{sodlqhg lq ghwdlo lq vhfwlrq 415 ri Fkdswhu 91

Sduw +h,

Li lqwhuhvw lqfrph lv wd{hg/ wkhq wkh krxvhkrog exgjhw frqvwudlqw ehfrphv=

F� .
F2

4 . uW
@ ^4 . u+4� w�,`Df .

�
+4� w�,\� .

+4� w2,\2
4 . uW

�
� 
W> +D47,

zkhuh uW � u+4� w2,1 Uhwudflqj wkh vwhsv shuiruphg lq sduw +f, zh �qg=

F� @

W

^4 . �j+4 . uW,j3�`
> +D48,

F2 @
^�+4 . uW,`j 
W

^4 . �j+4 . uW,j3�`
= +D49,

Wkh h�hfwv ri wd{hv lq wkh wzr shulrgv duh dv iroorzv1 Wkh h�hfw ri w� rshudwhv rqo| yld

krxvhkrog zhdowk dqg ohdyhv wkh lqwhuwhpsrudo wudgh0r� ehwzhhq F� dqg F2 xqfkdqjhg=

C
W

Cw�
@ �+uDf . \�, ? 3= +D4:,
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Iljxuh 5= Lqfuhdvh lq fxuuhqw wd{ udwh

Lq whupv ri Iljxuh 5/ wkh olihwlph exgjhw frqvwudlqw vkliwv lqzdug lq d sdudooho idvklrq1 Li

wkh lqlwldo htxloleulxp lv dw Hf +zkhuh olihwlph xwlolw| lv Yf,/ diwhu wkh wd{ lqfuhdvh wkh qhz

htxloleulxp zloo eh dw H� +zkhuh olihwlph xwlolw| lv orzhu,1 Wkh vwudljkw olqh iurp wkh ruljlq/

odehoohg HH/ lv wkh Hxohu htxdwlrq=

F2

F�

@ �j ^4 . u+4� w2,`
j = +D4;,

Vlqfh w� grhv qrw d�hfw wkh lqwhuwhpsrudo wudgh0r� ehwzhhq F� dqg F2/ Hf dqg H� olh rq wkh

vdph HH olqh1 Wkh pryh iurp Hf wr H� rqo| fdxvhv dq lqfrph h�hfw +LH,1

Dq lqfuhdvh lq wkh wd{ udwh lq wkh vhfrqg shulrg kdv pruh frpsolfdwhg h�hfwv1 Iluvw/ lw

iroorzv iurp wkh gh�qlwlrq ri uW wkdw wkh diwhu0wd{ lqwhuhvw udwh idoov=

CuW

Cw2
@ �u ? 3= +D4<,

Vhfrqg/ lw iroorzv iurp wkh gh�qlwlrq ri 
W lq +D47, wkdw zhdowk idoov=

C
W

Cw2
@ \2

��+4 . uW, . u+4� w2,

+4 . uW,2

�
@ � \2

+4 . uW,2
? 3= +D53,

Lq whupv ri Iljxuh 6/ wkh htxloleulxp vkliwv iurp Hf wr H�1 Zh fdq ghfrpsrvh wkh wrwdo

h�hfw lqwr wkh lqfrph h�hfw +LH,/ wkh vxevwlwxwlrq h�hfw +VH,/ dqg wkh kxpdq zhdowk h�hfw

+KZH,1 Wkh ghfuhdvh lq wkh diwhu0wd{ lqwhuhvw udwh/ jlyhq e| +D4<,/ lv uhsuhvhqwhg e| wkh

frxqwhu0forfnzlvh urwdwlrq ri wkh exgjhw olqh iurp lwv lqlwldo srvlwlrq wr wkh gdvkhg olqh dd1
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Iljxuh 6= Lqfuhdvh lq ixwxuh wd{ udwh

Wkh ghfuhdvh lq zhdowk/ dv jlyhq lq +D53,/ lv uhsuhvhqwhg e| wkh sdudooho vkliw ri wkh dd olqh

wr wkh ee olqh1 Lq rughu wr glvfryhu wkh sxuh vxevwlwxwlrq h�hfw zh gudz wkh dx{loldu| olqh

ff/ zklfk lv sdudooho wr erwk dd dqg ee/ lq rughu wr �qg wkh wdqjhqf| srlqw H� dorqj wkh rog

lqgl�huhqfh fxuyh/ Yf1

Wkh wrwdo h�hfw fdq qrz eh ghfrpsrvhg dv iroorzv=

� Wkh vxevwlwxwlrq h�hfw +VH, lv uhsuhvhqwhg e| wkh pryh iurp Hf wr H�1 Wkh ghfuhdvh lq

wkh diwhu0wd{ lqwhuhvw udwh fdxvhv dq lqfuhdvh lq frqvxpswlrq lq wkh �uvw shulrg dqg d

ghfuhdvh lq ixwxuh frqvxpswlrq1

� Wkh lqfrph h�hfw +LH, lv uhsuhvhqwhg e| wkh pryh iurp H� wr H��1 Vlqfh wkh krxvhkrog

lv srruhu dv d uhvxow ri wkh wd{ lqfuhdvh/ ohvv ri erwk jrrgv lv frqvxphg1

� Wkh kxpdq zhdowk h�hfw +KZH, lv uhsuhvhqwhg e| wkh pryh iurp H�� wr H�1 Wkrxjk

ixwxuh lqfrph lv glvfrxqwhg ohvv khdylo| +ehfdxvh uW idoov, wkh uhgxfwlrq lq diwhu0wd{

ixwxuh lqfrph grplqdwhv wklv glvfrxqwlqj h�hfw +vhh +D53,,1 Ehfdxvh wkh krxvhkrog lv

srruhu/ frqvxpswlrq ri erwk jrrgv lv ghfuhdvhg1


