
Irxqgdwlrqv ri Prghuq Pdfurhfrqrplfv

Ehq M1 Khlmgud
Xqlyhuvlw| ri Jurqlqjhq

Mdqxdu| 5335

Vroxwlrqv iru sureohpv wr Fkdswhu 8

Txhvwlrq 4

Sduw +d,

Ghpdqg srolflhv lq wkh EJP prgho fdq eh hlwkhu lq wkh irup ri �vfdo srolf| +dq lqfuhdvh

lq J, ru lq wkh irup ri prqhwdu| srolf| +dq lqfuhdvh lq lqlwldo prqh| edodqfhv/ Pf,1 Lq wkh

uhjlph ri fodvvlfdo xqhpsor|phqw +FX, wkhuh lv h{fhvv ghpdqg iru jrrgv dqg h{fhvv vxsso| ri

oderxu1 Krxvhkrogv wkxv idfh txdqwlw| frqvwudlqwv lq erwk wkh jrrgv dqg wkh oderxu pdunhw

dqg frqvhtxhqwo| irupxodwh dq h�hfwlyh vxsso| ri oderxu dqg dq h�hfwlyh ghpdqg iru jrrgv1

Ilupv gr qrw idfh txdqwlw| frqvwudlqwv dqg wkxv irupxodwh qrwlrqdo sodqv1 Lq irupdo whupv/

lq wkh FX uhjlph zh kdyh=

�Q @ Q(+z, ? Q7.+z>S> �F
n
>Pf .�f

3

,> +D4,

�\ @ \ 7+z, ? F(.+z �Q
n

> S>Pf .�f
n

, .J= +D5,

Vlqfh wkh jryhuqphqw lv qrw udwlrqhg e| dvvxpswlrq/ wkh txdqwlw| frqvwudlqw idfhg e| krxvh0

krogv lq wkh jrrgv pdunhw lv=

�F @ �\ �J= +D6,

Lw lv fohdu iurp +D4,0+D5, wkdw ghpdqg srolflhv gr qrw d�hfw �Q ru �\ ehfdxvh wkhvh duh erwk

ghwhuplqhg e| wkh djhqwv rq wkh �vkruw0vlgh ri wkh pdunhw/� l1h1 e| wkh �upv zkrvh sodqv zloo

rqo| fkdqjh li wkh uhdo zdjh fkdqjhv1

Dq lqfuhdvh lq J zloo ohdg wr d rqh0iru0rqh uhgxfwlrq lq �F +vhh +D6,,1 Wklv surpswv

krxvhkrogv wr fxw edfn wkhlu oderxu vxsso| vrphzkdw +e| +D4,, vr wkdw xqhpsor|phqw/Q7.�
�Q / idoov1 Dw wkh vdph wlph/ ri frxuvh/ wkh h{fhvv ghpdqg lq wkh jrrgv pdunhw/ F(. .J� �\ /

ulvhv +vhh +D5,,1 Dq lqfuhdvh lq Pf ohdgv wr uhgxfwlrq lq wkh h�hfwlyh vxsso| ri oderxu dqg

4
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Iljxuh 4= Ghpdqg srolf| xqghu fodvvlfdo xqhpsor|phqw

dq lqfuhdvh lq wkh h�hfwlyh ghpdqg iru jrrgv1 Khqfh xqhpsor|phqw idoov exw h{fhvv ghpdqg

lq wkh jrrgv pdunhw ulvhv1

Wkhvh h�hfwv kdyh ehhq looxvwudwhg lq Iljxuh 41 Lq wkdw gldjudp OPH+FX, lv gh�qhg e|
�Q @ Q7+z, zkhuhdv JPH+FX, lv jlyhq e| �\ @ \ 7+z,1 Wkh udwlrqlqj htxloleulxp lv dw H� 1

Wkh lqlwldo h{fhvv vxsso| ri oderxu lv uhsuhvhqwhg e| wkh krul}rqwdo glvwdqfh H�Df dqg wkh

lqlwldo h{fhvv ghpdqg iru jrrgv e| wkh yhuwlfdo glvwdqfh H�Ef1 Ghpdqg srolf| vkliwv h�hfwlyh

jrrgv ghpdqg +iurp +F(. .J,f wr +F(. .J,�, vr wkdw h{fhvv ghpdqg iru jrrgv h{sdqgv

e| wkh glvwdqfh EfE�1 H�hfwlyh oderxu vxsso| lv uhgxfhg +iurp Q7.
f wr Q7.

� , vr wkdw h{fhvv

vxsso| ri oderxu lv uhgxfhg e| wkh glvwdqfh D�Df1

Sduw +e,

Xqghu Nh|qhvldq xqhpsor|phqw +NX, wkhuh lv h{fhvv vxsso| ri oderxu dqg h{fhvv vxsso| ri

jrrgv1 Krxvhkrogv duh udwlrqhg lq wkh oderxu pdunhw dqg irupxodwh dq h�hfwlyh ghpdqg iru

jrrgv1 Ilupv duh udwlrqhg lq wkh jrrgv pdunhw dqg irupxodwh dq h�hfwlyh ghpdqg iru oderxu1

Irupdoo|/ zh kdyh lq wkh NX uhjlph=

�Q @ Q(.+ �\
n
, ? Q7+z>S>Pf .�f

3

,> +D7,

�\ @ F(.+z �Q
n

> S>Pf .�f
n

, .J ? \ 7+z,= +D8,
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Lq Iljxuh 5/ wkh OPH+NX, orfxv lv gh�qhg e| �Q @ Q(.+ �\ ,1 Lwv vorsh lv jlyhq e|=

g �Q @ Q(.
7t g�\ /

�
g�\

g �Q

�
u�.EgL�

@
4

Q(.
7t

A 3= +D9,

Dq lqfuhdvh lq �\ uhod{hv wkh txdqwlw| frqvwudlqw idfhg e| wkh �upv zklfk lqgxfhv wkhp wr

lqfuhdvh oderxu ghpdqg dqg wkxv hpsor|phqw1

Wkh JPH+NX, orfxv lv gh�qhg e| �\ @ F(.+z �Q>S>Pf .�f, .J1 Lwv vorsh lv jlyhq e|=

g�\ @ F(.7� g �Q /
�
g�\

g �Q

�
C�.EgL�

@ F(.7� A 3= +D:,

Dowkrxjk erwk JPH+NX, dqg OPH+NX, vorsh xszdugv/ lw lv qrw kdug wr vkrz wkdw OPH+NX,

lv vwhhshu wkdq JPH+NX, iru wkh Free0Grxjodv fdvh vwxglhg lq wkh errn1 Zh qrwh iurp

htxdwlrq +815;, lq wkh errn wkdw wkh vorsh ri JPH+NX, iru wkh Free0Grxjodv fdvh lv=

�
g�\

g �Q

�
C�.EgL�

@ F(.7� @

�
�

�. �

�
z ? z= +D;,

Qh{w zh qrwh wkdw lq wkh NX uhjlph �\ @ I +Q(., dqg Q(. @ �Q vr wkdw wkh vorsh ri

OPH+NX, lv htxdo wr=

�
g�\

g �Q

�
u�.EgL�

@ I� + �Q, A z= +D<,

Vlqfh �Q @ Q(. lv vwulfwo| ohvv wkdq Q( +iru zklfk z @ I� +Q
(,, lw iroorzv wkdw I� + �Q, A z1

Khqfh/ OPH+NX, lv vwhhshu wkdq JPH+NX,1 Wklv kdv ehhq looxvwudwhg lq Iljxuh 51

Lq Iljxuh 5/ wkh uhgxfwlrq lqJ +ruPf, vkliwv wkh JPH+NX, orfxv grzq +iurp JPH+NX,f
wr JPH+NX,�, dqg vkliwv wkh udwlrqlqj htxloleulxp iurp Hgf wr Hg� 1 Wkh srolf| phdvxuh vhwv

lq prwlrq d qhjdwlyh ghpdqg pxowlsolhu1 Wkh idoo lq J +ru Pf, uhgxfhv h�hfwlyh ghpdqg

iru jrrgv dqg pdnhv wkh frqvwudlqw idfhg e| �upv zruvh1 Dv d uhvxow wkh �upv fxw edfn

hpsor|phqw zklfk ohdgv wr d uhgxfwlrq lq krxvhkrog lqfrph dqg d ixuwkhu ghfuhdvh lq h�hfwlyh

jrrgv ghpdqg1

Sduw +g,

Lq wkh uhsuhvvhg lq dwlrq +UL, uhjlph wkhuh lv h{fhvv ghpdqg iru jrrgv dqg h{fhvv ghpdqg

iru oderxu1 Krxvhkrogv duh frqvwudlqhg lq wkh jrrgv pdunhw dqg irupxodwh dq h�hfwlyh oderxu

vxsso| ghflvlrq1 Ilupv duh frqvwudlqhg lq wkh oderxu pdunhw dqg irupxodwh dq h�hfwlyh vxsso|

ri jrrgv1 Irupdoo|/ zh kdyh lq wkh UL uhjlph=

�Q @ Q7.+z>S> �\ �J
n

>Pf .�f, ? Q(+z,> +D43,

�\ @ \ 7.+ �Q, ? F(+z>S>Pf .�f
n

, .J> +D44,



7 Khlmgud dqg ydq ghu Sorhj= Irxqgdwlrqv ri Prghuq Pdfurhfrqrplfv

�

�

�

GME(KU)0

GME(KU)1

LME(KU)
Y
-

N
-

E1
K A

E0
K

Iljxuh 5= Frqwudfwlrqdu| ghpdqg srolf| xqghu Nh|qhvldq xqhpsor|phqw

zkhuh zh kdyh xvhg wkh h{suhvvlrq iru �F +jlyhq lq +D6,, lq htxdwlrq +D43,1 D ghfuhdvh lq J

ru Pf ohdgv wr dq lqfuhdvh lq wkh h�hfwlyh vxsso| ri oderxu1 Ilupv duh kdss| wr hpsor| wkh

dgglwlrqdo zrunhuv +dv wkhuh lv h{fhvv ghpdqg iru oderxu, vr hpsor|phqw dqg rxwsxw lqfuhdvh1

Lq whupv ri Iljxuh 6/ wkh JPH+UL, orfxv/ zklfk lv gh�qhg dv �\ @ \ 7.+ �Q,/ kdv d vorsh htxdo

wr=

g�\ @ \ 7.
7� g �Q /

�
g�\

g �Q

�
C�.E-U�

@ \ 7.
7� A 3= +D45,

Wkh OPH+UL, orfxv lv irupdoo| gh�qhg dv �Q @ Q7.+=, dqg kdv wkh iroorzlqj vorsh=

g �Q @ Q7.
7� g�\ /

�
g�\

g �Q

�
u�.E-U�

@
4

Q7.
7�

A 3= +D46,

Lq wkh errn zh dvvxph wkdw wkh OPH+UL, lv vwhhshu wkdq JPH+UL,1 Lw pxvw eh vwuhvvhg wkdw

wklv lv qrw jxdudqwhhg hyhq iru wkh Free0Grxjodv fdvh glvfxvvhg lq wkh errn1 Lqghhg/ zh nqrz

iurp htxdwlrq +8173, wkdw=

4

Q7.
7�

@

�
� . �

�

�
z A z= +D47,

Zh dovr nqrz wkdw lq wkh UL uhjlph �\ @ I +Q7., dqgQ7. @ �Q vr wkdw wkh vorsh ri JPH+UL,

lv htxdo wr=�
g�\

g �Q

�
C�.E-U�

@ \ 7.
7� @ I� + �Q, A z= +D48,

Vlqfh 4@Q7.
7�

dqg \ 7.
7�

duh erwk odujhu wkdq z/ lw lv dpeljxrxv zkhwkhu wkh iruphu h{fhhgv

wkh odwwhu +dv zh dvvxph,1
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Iljxuh 6= Frqwudfwlrqdu| ghpdqg srolf| xqghu uhsuhvvhg lq dwlrq

Sduw +g,

E| zdjh prghudwlrq zh phdq d uhgxfwlrq lq wkh uhdo zdjh1 Zh �qg iurp Wdeoh 816 lq wkh errn

wkdw d uhgxfwlrq lq z ohdgv wr d uhgxfwlrq lq hpsor|phqw dqg rxwsxw xqghu wkh Nh|qhvldq

xqhpsor|phqw uhjlph1 Wkh uhdo zdjh fxw ohdgv wr d uhgxfwlrq lq h�hfwlyh ghpdqg +dv F(.

idoov zlwk z �Q,1 Rxwsxw idoov dv grhv hpsor|phqw1 Wkh gurs lq hpsor|phqw surpswv d ixuwkhu

idoo lq h�hfwlyh ghpdqg1 Vhh htxdwlrqv +D7,0+D8, deryh1

D uhgxfwlrq lq z lqfuhdvhv rxwsxw dqg hpsor|phqw lq wkh Fodvvlfdo xqhpsor|phqw uhjlph1

Lq wkdw uhjlph wkh uhdo zdjh fxw vwlpxodwhv wkh ghpdqg iru oderxu dqg wkh vxsso| ri rxwsxw1

Vhh htxdwlrqv +D4,0+D5, deryh1

Sduw +h,

Lq wkh xqghufrqvxpswlrq +XF, uhjlph/ wkhuh lv h{fhvv vxsso| ri jrrgv vr �upv h{suhvv dq

h�hfwlyh ghpdqg iru oderxu +Q(., dqg wkhuh lv h{fhvv ghpdqg iru oderxu vr �upv h{suhvv

dq h�hfwlyh vxsso| ri jrrgv +\ 7.,1 Wklv uhjlph lv uhsuhvhqwhg e| wkh uhjlrq lq ehwzhhq wkh

JPH+HGO, olqh dqg wkh OPH+HVJ, olqh1 Lw lv hdv| wr vkrz/ krzhyhu/ wkdw wkhvh wzr olqhv

frlqflgh/ vr wkdw wkh XF uhjlph ydqlvkhv1 Uhfdoo wkdw wkh JPH+HGO, dqg OPH+HVJ, olqhv

duh gh�qhg dv iroorzv=

\ 7.+ �Q, @ F( .J> �Q @ Q7 > +JPH+HGO,,

Q7 @ Q(.+ �\ ,> �\ @ F( .J= +OPH+HVJ,,
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Exw zh nqrz wkdw wkh �up lv dozd|v rq lwv surgxfwlrq ixqfwlrq/ l1h1 \ 7.+ �Q, @ I + �Q, dqg

Q(.+ �\ , @ I3�+ �\ ,1 Ixuwkhupruh/ Q(.+ �\ , @ �Q dqg \ 7.+ �Q, @ �\ 1 Xvlqj wkhvh uhvxowv/

JPH+HGO, dqg OPH+HVJ, fdq eh uhzulwwhq dv=

I
�
Q7+=,

�
@ F(+=, .J> +JPH+HGO,,

Q7+=, @ I3�
�
F(+=, .J

�
= +OPH+HVJ,,

Lw iroorzv wkdw wkh wzr olqhv frlqflgh1

Wkhuh fdqqrw eh vlpxowdqhrxv udwlrqlqj ri �upv lq erwk pdunhwv li wkhuh lv qr lqyhqwru|

dffxpxodwlrq/ l1h1 wkh vlpxowdqhrxv rffxuuhqfh ri Q(. A Q7 dqg \ 7. A F( . J lv lp0

srvvleoh1 Lqwxlwlyho| wklv lv ehfdxvh d �up wkdw idfhv d frqvwudlqw lq rqh pdunhw rqo| kdv d

vlqjoh fkrlfh ohiw lq wkh rwkhu pdunhw/ vr rqo| rqh frqvwudlqw fdq eh elqglqj dw wkh vdph wlph1

Lq wkh devhqfh ri lqyhqwrulhv lw pdnhv qr vhqvh wr ghpdqg pruh oderxu wkdq �Q ehfdxvh wkh

vxsso| ri jrrgv lv douhdg| wrr odujh1 Lw lv qrw ihdvleoh wr surgxfh lq wkh fxuuhqw shulrg iru

ixwxuh vdohv1 Lq wkh devhqfh ri lqyhqwrulhv/ wkh surgxfwlrq ixqfwlrq lv wkh xqltxh olqn ehwzhhq

wkh jrrgv pdunhw dqg wkh oderxu pdunhw iru wkh surgxfhu1

Lq frqwudvw/ wkh krxvhkrog rshudwhv lq wkuhh pdunhwv/ qdpho| wkh jrrgv pdunhw/ wkh oderxu

pdunhw/ dqg wkh prqh| pdunhw1 Li lw idfhv d frqvwudlqw lq rqh ri wkh �uvw wzr pdunhwv lw fdq

vwloo pdnh wzr fkrlfhv +l1h1 prqh| dqg oderxu ru prqh| dqg jrrgv,1

Txhvwlrq 5

Sduw +d,

Zh xvh Iljxuh 7 wr dqvzhu wklv txhvwlrq1 Wkh hfrqrp| lv lqlwldoo| lq srlqw H�f zklfk lv lq wkh

uhjlph ri fodvvlfdo xqhpsor|phqw +FX,1 Lq wklv uhjlph/ wkh iroorzlqj krogv=

�Q @ Q(+z
3

, ? Q7.+z
n
> S
n
> �\ �J

n
>Pf .�f

3

,> +D4,

�\ @ \ 7+z
3

, ? F(.+z �Q
n

> S
3

>Pf .�f, .J= +D5,

Wkh iroorzlqj dgmxvwphqwv wdnh sodfh ryhu wlph=

� z idoov ehfdxvh wkhuh lv HVO1 �Q @ Q( ulvhv/ �\ @ \ 7 ulvhv/ F(. ulvhv dqg Q7. idoov rq

wklv dffrxqw1 Ehfdxvh �\ ulvhv/ wkh frqvxpswlrq udwlrq/ �F/ ehfrphv odujhu vr Q7. ulvhv

rq wkdw dffrxqw1

� S ulvhv ehfdxvh wkhuh lv HGJ1 Qr h�hfw rq �Q dqg �\ rq wklv dffrxqw/ F(. idoov dqg

Q7. ulvhv rq wklv dffrxqw1

Lq whupv ri Iljxuh 7/ wkh hfrqrp| pryhv judgxdoo| iurp H�f wr srlqw D rq wkh JPH+HVO,

orfxv1 Vlqfh wkhuh lv vwloo HVO lq srlqw D/ wkh uhdo zdjh frqwlqxhv wr idoo dqg wkh hfrqrp|
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Iljxuh 7= G|qdplf dgmxvwphqw lq wkh glvhtxloleulxp prgho

pryhv ehorz wkh JPH+HVO, orfxv zkhuh wkhuh lv HVJ1 Khqfh/ wkh hfrqrp| hqwhuv wkh uhjlph

ri Nh|qhvldq xqhpsor|phqw +NX,1

Lq wkh uhjlph ri Nh|qhvldq xqhpsor|phqw/ wkh iroorzlqj krogv=

�Q @ Q(.+ �\
n
, ? Q7+z

n
> S
n
>Pf .�f,> +D6,

�\ @ F(.+z �Q
n

> S
3

>Pf .�f, .J ? \ 7+z
3

,= +D7,

Wkh iroorzlqj dgmxvwphqwv wdnh sodfh ryhu wlph=

� S idoov ehfdxvh wkhuh lv qrz HVJ1 F(. ulvhv/ �\ ulvhv/ �Q @ Q(. ulvhv/ +pxowlsolhu h�hfw,

F(. ulvhv1

� z frqwlqxhv wr idoo ehfdxvh wkhuh lv vwloo HVO1 F(. idoov vrphzkdw/ �\ idoov vrphzkdw1

Lq whupv ri Iljxuh 7/ wkh hfrqrp| pryhv iurp D wr E rq wkh OPH+HVJ, olqh1 Lq srlqw E/

wkhuh lv HVJ dqg HGO1 Khqfh/ wkh zdjh dqg sulfh erwk vwduw wr ulvh dqg wkh hfrqrp| pryhv

lqwr wkh uhjlph ri uhsuhvvhg lq dwlrq +UL,1

Lq wkh uhsuhvvhg lq dwlrq uhjlph zh kdyh=

�Q @ Q7.+z
n
> S
n
> �\ �J

n
>Pf .�f, ? Q(+z

3

,> +D8,

�\ @ \ 7.+ �Q
n
, ? F(+z

n
> S
3

>Pf .�f, .J= +D9,

Wkh iroorzlqj dgmxvwphqwv wdnh sodfh ryhu wlph=
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� z ulvhv ehfdxvh wkhuh lv HGO1 �Q @ Q7. ulvhv rq wklv dffrxqw dv grhv �\ 1 Wkh frqvxps0

wlrq udwlrq/ �F/ ulvhv rq wklv dffrxqw1

� S ulvhv ehfdxvh wkhuh HGJ1 Wklv fdxvhv Q7. wr ulvh1

Lq whupv ri Iljxuh 7/ wkh hfrqrp| pryhv iurp E wr F rq wkh OPH+HGJ, orfxv1 Lq srlqw

F/ wkhuh lv HGJ +vr wkh sulfh frqwlqxhv wr ulvh, exw wkhuh lv OPH+HGJ, vr wkh uhdo zdjh qr

orqjhu ulvhv1 Wkh hfrqrp| pryhv lqwr wkh FX uhjlph djdlq1

Lq wkh glvfxvvlrq zh kdyh dvvxph wkdw dgmxvwphqw lq f|folfdo1 Wklv lv qrw wkh rqo| srvvleoh

dgmxvwphqw sdwwhuq1 Ghshqglqj rq wkh pdjqlwxghv ri �� dqg �2/ lw pd| yhu| zhoo eh wkh fdvh

wkdw wkh dgmxvwphqw lv qrq0f|folfdo/ h1j1 wkdw wkh hfrqrp| pryhv gluhfwo| iurp srlqw D wr

wkh Zdoudvldq htxloleulxp dw H` 1

Txhvwlrq 6

Sduw +d,

Lq wkh Gl{lw prgho wkhuh duh qr lqyhqwrulhv/ oderxu lv lppreloh lqwhuqdwlrqdoo|/ wkh jrrg lv

lqwhuqdwlrqdoo| wudghdeoh/ dqg wudqvsruw frvwv duh devwudfwhg iurp1 Wkh hfrqrp| lv vpdoo

uhodwlyh wr wkh zruog pdunhw zklfk phdqv wkdw lw fdq dozd|v ex| dqg vhoo doo wkh jrrgv lw

zdqwv wr dw wkh jlyhq zruog sulfh1 Khqfh/ wkhuh lv qhyhu udwlrqlqj rq wkh jrrgv pdunhw1 Lw

iroorzv iurp wkh dvvxpswlrqv xqghuo|lqj wkh prgho wkdw wkh sulfh ri wkh grphvwlf jrrg lv

ghwhuplqhg lq wkh zruog pdunhw=

S @ HS W> +D4,

zkhuh S lv wkh grphvwlf fxuuhqf| sulfh/ S W lv wkh iruhljq fxuuhqf| sulfh/ dqg H lv wkh qrplqdo

h{fkdqjh udwh +glphqvlrq grphvwlf fxuuhqf| shu xqlw ri iruhljq fxuuhqf|/ h1j1 Hxur*v shu ',1

Sduw +e,

Vlqfh wkhuh lv qhyhu udwlrqlqj rq wkh jrrgv pdunhw/ qrwlrqdo ghpdqg dqg vxsso| rq wkh oderxu

pdunhw duh uhohydqw1 Vlqfh wkh uhdo zdjh lv uljlg/ lw pd| krzhyhu/ eh wkh fdvh wkdw wkhuh lv

HVO ru HGO1 Vr h�hfwlyh ghpdqg dqg vxsso| duh uhohydqw lq wkh jrrgv pdunhw1 Li wkhuh lv

HVO/ vr wkdw Q7 A Q( @ �Q / zh kdyh iru wkh wudgh edodqfh=

[ @ I + �Q,�F(.+z �Q>HS W>Pf .�f,�J> �Q @ Q(+z, ? Q7 = +D5,

Wkh wudgh edodqfh htxdov wkh gl�huhqfh ehwzhhq grphvwlf surgxfwlrq +I + �Q,, dqg grphvwlf

devruswlrq +F(. .J,1 Li wkhuh lv HGO/ vr wkdw Q( A Q7 @ �Q / wkhq wkh wudgh edodqfh lv=

[ @ I + �Q,�F(+z>HS W>Pf .�f,�J> �Q @ Q7+=, ? Q(= +D6,
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Iljxuh 8= Wkh Gl{lw prgho

Djdlq/ wkh wudgh edodqfh lv wkh gl�huhqfh ehwzhhq grphvwlf surgxfwlrq +I + �Q,, dqg grphvwlf

devruswlrq +F(..J,1 Lq Iljxuh 8 zh looxvwudwh wkh gl�huhqw uhjlphv wkdw h{lvw lq wkh prgho1

Qrwh wkdw wkh olqh iru zklfk [ @ 3 lv uhihuuhg wr dv wkh JPH orfxv1

Wkh OPH orfxv lv irupdoo| gh�qhg dv=

Q(+z, @ Q7+z>HS W>Pf .�f,= +D7,

Lwv vorsh lv jlyhq e|=

Q(
� gz @ Q7

�gz .Q7
� gS /

�
gz

gS

�
u�.

@ � Q7
�

Q7
� �Q(

�

? 3> +D8,

zkhuh wkh vljq iroorzv iurp wkh idfw wkdw Q7
� A 3/ Q7

� A 3/ dqg Q(
� ? 31 Iru srlqwv deryh

+ehorz, wkh OPH olqh/ wkh uhdo zdjh lv wrr kljk +orz, dqg wkhuh lv HVO +HGO,1

Wkh JPH orfxv +wkh gdvkhg olqh lq Iljxuh 8, lv gh�qhg dv=

\ 7+z, @ F(+z>HS W>Pf .�f, .J= +D9,

Lwv vorsh lv jlyhq e|=

\ 7
� gz @ F(� gz .F(� gS /

�
gz

gS

�
C�.

@ � F(�
F(� � \ 7

�

A 3> +D:,

zkhuh wkh vljq iroorzv iurp wkh idfw wkdw \ 7
� ? 3/ F(� A 3/ dqg F(� ? 31
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Wkh JPH+HVO, orfxv lv irupdoo| gh�qhg e|=

\ 7+z, @ F(.+zQ(+z,> HS W>Pf .�f, .J> +D;,

zkhuh zh kdyh xvhg wkh idfw wkdw �Q @ Q(+z, rq wkh uljkw0kdqg vlgh ri +D;,1 Wkh vorsh ri

wkh JPH+HVO, orfxv lv=

\ 7
� gz @ F(.� 7�

�
zQ(

� .Q(
�
gz .F(.� gS�

\ 7
� � +4� ��, �QF(.� 7�

�
gz @ F(.� gS /�

gz

gS

�
C�.E.7u�

@ � F(.�
+4� ��, �QF(.

� 7�
� \ 7

�

A 3> +D<,

zkhuh �� � �zQ(
� @Q( lv wkh +devroxwh ydoxh ri wkh, zdjh hodvwlflw| ri oderxu ghpdqg1 Wkh

vljq lq +D<, iroorzv iurp wkh idfw wkdw F(.� ? 3/ F(.
� 7�

A 3/ \ 7
� ? 3/ dqg 3 ? �� ? 4

+iru wkh Free0Grxjodv fdvh glvfxvvhg lq wkh errn,1 Khqfh/ erwk JPH dqg JPH+HVO, duh

xszdug vorslqj lq Iljxuh 81 Lw lv qrw gl!fxow wr ghprqvwudwh wkdw JPH+HVO, lv vwhhshu JPH1

Frqvlghu d sduwlfxodu ydoxh iru wkh uhdo zdjh/ vd| z @ zf1 Lw iroorzv wkdw iru wkdw ydoxh ri z/

wkh ohiw0kdqg vlghv ri +D9, dqg +D;, duh wkh vdph1 Exw wkdw phdqv wkdw wkh uljkw0kdqg vlghv

ri +D9, dqg +D;, pxvw dovr eh wkh vdph/ l1h1

F(+zf> Sf>Pf .�f, @ F(.+zfQ
(+zf,> S�>Pf .�f,> +D43,

zkhuh Sf lv wkh sulfh ohyho rq wkh qrwlrqdo ghpdqg fxuyh dqg S� lv wkh sulfh ohyho rq wkh

h�hfwlyh ghpdqg fxuyh1 Zh nqrz wkdw/ iru d jlyhq zdjh0sulfh frpelqdwlrq/ +zf> Sf,/ h�hf0

wlyh ghpdqg lv ohvv wkdq qrwlrqdo ghpdqg ehfdxvh wkh oderxu pdunhw udwlrqlqj fdxvhv wkh

krxvhkrogv wr fxw edfn frqvxpswlrq/ l1h1=

F(+zf> Sf>Pf .�f, A F(.+zfQ
(+zf,> Sf>Pf .�f,= +D44,

E| frpelqlqj wkh uhvxowv lq +D43, dqg +D44, dqg qrwlqj wkdw F(.� ? 3 lw iroorzv wkdw S�

pxvw eh orzhu wkdq Sf/ l1h1 JPH+HVO, olhv wr wkh ohiw ri JPH1

Wkh JPH+HGO, olqh lv irupdoo| gh�qhg dv=

\ 7.+Q7+z>HS W>Pf .�f,, @ F(+z>HS W>Pf .�f, .J> +D45,

zkhuh zh kdyh xvhg wkh idfw wkdw �Q @ Q7+z>HS W>Pf .�f, rq wkh ohiw0kdqg vlgh ri +D45,1

Wkh vorsh ri JPH+HGO, lv hdvlo| irxqg=

\ 7.
7�

�
Q7
�gz.Q7

� gS
�

@ F(� gz.F(� gS /�
gz

gS

�
C�.E.(u�

@
F(� � \ 7.

7�
Q7
�

F(� � \ 7.
7�

Q7
�

A 3> +D46,

zkhuh zh kdyh xvhg wkh idfw wkdw \ 7
7�
A 3/ Q7

� A 3/ Q7
� A 3/ F(� A 3/ dqg F(� ? 31 +Qrwh

wkdw F(� � \ 7.
7�

Q7
� A 3 fdq dovr eh suryhg iru wkh Free0Grxjodv fdvh1, Khqfh/ erwk JPH

dqg JPH+HGO, duh xszdug vorslqj lq Iljxuh 81
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Lw lv hdv| wr vkrz wkdw JPH+HGO, lv vwhhshu wkdq JPH1 Wdnh d jlyhq ydoxh iru wkh uhdo

zdjh udwh/ vd| z @ z�1 Ghgxfwlqj +D45, iurp +D9, zh �qg=

\ 7+z�,� \ 7.+=, @ F(+z�> S�>Pf .�f,�F(+z�> S2>Pf .�f,> +D47,

zkhuh S2 dqg S� duh wkh sulfhv dvvrfldwhg zlwk/ uhvshfwlyho|/ JPH dqg JPH+HGO,1 Zh nqrz

wkdw �upv duh udwlrqhg gxh wr wkh oderxu pdunhw frqvwudlqw/ l1h1 \ 7. ? \ 7 dqg wkh ohiw0kdqg

vlgh ri +D47, lv srvlwlyh1 Iru d jlyhq uhdo zdjh/ wklv fdq rqo| eh wkh fdvh li S� lv ohvv wkdq

S2 +vlqfh F( ghshqgv qhjdwlyho| rq wkh sulfh ohyho,1 Khqfh/ JPH+HGO, olhv wr wkh uljkw ri

JPH1

Wr wkh uljkw ri wkh JPH+{, olqh ghpdqg idoov vkruw ri grphvwlf surgxfwlrq vr wkhuh lv

vxusoxv rq wkh wudgh dffrxqw +[ A 3,1 Wkh rssrvlwh krogv wr wkh ohiw ri wkh JPH+{, olqh1

Sduw +f,

Xqghu  h{leoh h{fkdqjh udwhv/ wkh grphvwlf sulfh lv ixoo|  h{leoh dovr +dv S @ HS W,/ dqg lv

vxfk wkdw HGJ lv }hur/ l1h1 wkh hfrqrp| lv rq wkh [ @ 3 olqh1 Wkh +uljlg, uhdo zdjh udwh

ghwhuplqhv zkhuh h{dfwo| wkh hfrqrp| zloo eh rq wkh JPH+{, orfxv1 Frqvlghu srlqw D lq

Iljxuh 91 Lq wklv srlqw wkhuh lv HVO dqg [ A 3/ l1h1 h{sruwv h{fhhg lpsruwv1 Wkhuh lv dq

h{fhvv ghpdqg iru grphvwlf fxuuhqf| rq wkh iruhljq h{fkdqjh pdunhw dqg/ vlqfh wkh h{fkdqjh

udwh lv  h{leoh/ wkh grphvwlf fxuuhqf| dssuhfldwhv/ l1h1 H idoov1 Vlqfh wkh iruhljq sulfh ohyho lv

jlyhq/ HS W idoov/ dqg wkh hfrqrp| pryhv iurp srlqw D wr srlqw E rq wkh JPH+HVO, orfxv1

E| dvvxpswlrq wkh uhdo zdjh lv uljlg1

Sduw +g,

Wkh vlwxdwlrq xqghu �{hg h{fkdqjh udwhv lv ghslfwhg lq Iljxuh :1 Wkh hfrqrp| lv lqlwldoo|

lq srlqw D/ zkhuh wkhuh lv HGO dqg wkh wudgh edodqfh lv srvlwlyh +[ A 3,1 Wkh iroorzlqj

dgmxvwphqwv rffxu ryhu wlph=

� Dw lpsdfw qrwklqj kdsshqv wr z dqg HS W ehfdxvh wkh uhdo zdjh lv uljlg dqg wkh

h{fkdqjh udwh lv �{hg e| wkh fhqwudo edqn +dqg S W lv jlyhq,1

� Gxulqj wudqvlwlrq wkh srvlwlyh wudgh edodqfh fdxvhv iruhljq h{fkdqjh uhvhuyhv wr hqwhu

wkh frxqwu| dqg wkh qrplqdo prqh| vxsso| wr lqfuhdvh +ehfdxvh wkh fhqwudo edqn nhhsv

wkh h{fkdqjh udwh xqfkdqjhg,1 Vr ryhu wlph/ Pf ulvhv/ zklfk fdxvhv=

� dq lqfuhdvh lq F( dqg d vkliw wr wkh uljkw ri wkh JPH+HGO, fxuyh

� d ghfuhdvh lq Q7 dqg d grzqzdug vkliw lq wkh OPH vfkhgxoh

� Xowlpdwho|/ wkh htxloleulxp lv uhvwruhg lq srlqw D1 Wklv srlqw olhv rq wkh qhz OPH olqh

dqg wkxv ihdwxuhv htxloleulxp lq wkh oderxu pdunhw1 Lw dovr olhv rq wkh qhz JPH+HGO,

olqh dqg wkxv ihdwxuhv d }hur wudgh edodqfh +[ @ 3,1
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Iljxuh 9= Ioh{leoh h{fkdqjh udwhv
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Iljxuh := Il{hg h{fkdqjh udwhv
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Vr qrwklqj kdsshqv wr wkh zdjh0sulfh frpelqdwlrq exw Pf ulvhv gxulqj dgmxvwphqw1 Wklv

phdqv wkdw oderxu vxsso| +dqg wkxv hpsor|phqw dqg surgxfwlrq, lv orzhu wkdq ehiruh1 Krxvh0

krog frqvxpswlrq lv kljkhu wkdq ehiruh1 Wklv lv krz wkh lqlwldo wudgh edodqfh vxusoxv ydqlvkhv

lq wkh orqj uxq1

Sduw +h,

Lq rughu wr vwxg| wkh h�hfw ri d surgxfwlylw| vkrfn zh pxvw �uvw lqwurgxfh dq lqgh{ ri jhqhudo

whfkqrorj| lqwr wkh prgho1 Ohw xv dvvxph wkdw wkh surgxfwlrq ixqfwlrq lv zulwwhq dv iroorzv=

\ @ �fI +Q, @ �fQ
"> +D48,

zkhuh �f lv wkh lqgh{ ri jhqhudo whfkqrorj|1 Wkh qrwlrqdo ghpdqg iru oderxu lv lq wklv fdvh=

z @ �fI� @ ��fQ
"3� / Q(+z>�f, �

���f
z

��*E�3"�
=

Oderxu ghpdqg ghshqgv srvlwlyho| rq wkh whfkqrorj| lqgh{ �f1

Wkh wudgh edodqfh xqghu HVO lv qrz=

[ @ �fI + �Q,�F(.+z �Q>HS W>Pf .�f,�J> �Q @ Q(+�f> z, ? Q7= +D49,

Wkh wudgh edodqfh xqghu HGO lv=

[ @ �fI + �Q,�F(+z>HS W>Pf .�f,�J> �Q @ Q7+=, ? Q(= +D4:,

Lw lv hdv| wr vkrz wkdw d qhjdwlyh surgxfwlylw| vkrfn +d idoo lq �f, vkliwv wkh JPH+{, olqhv wr

wkh uljkw1 E| gl�huhqwldwlqj +D49, zlwk uhvshfw wr �f zh �qg=

C[

C�f
@ I + �Q, . �fI�

�
C �Q

C�f

�
A 3= +D4;,

Vlploduo|/ e| gl�huhqwldwlqj +D4:, zlwk uhvshfw wr �f zh �qg=

C[

C�f
@ I + �Q, A 3= +D4<,

Lw iroorzv iurp +D4;,0+D4<, wkdw dq| jlyhq zdjh0sulfh frpelqdwlrq iru zklfk [ @ 3 ehiruh

wkh vkrfn lv frqvlvwhqw zlwk d wudgh edodqfh gh�flw +[ ? 3, diwhu wkh vkrfn/ l1h1 wkh JPH+{,

olqhv vkliw wr wkh uljkw1

Wkh OPH vfkhgxoh lv gh�qhg e|=

Q(+z> �f, @ Q7+z>HS W>Pf .�f,= +D53,

E| gl�huhqwldwlqj +D53, zlwk uhvshfw wr z dqg �f zh �qg=

�
gz

g�f

�
u�.

@
Q(
�
f

Q7
� �Q7

�

A 3= +D54,



47 Khlmgud dqg ydq ghu Sorhj= Irxqgdwlrqv ri Prghuq Pdfurhfrqrplfv
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Iljxuh ;= D qhjdwlyh whfkqrorj| vkrfn

Lw iroorzv iurp +D54, wkdw wkh OPH vfkhgxoh vkliwv grzq dv d uhvxow ri d qhjdwlyh surgxfwlylw|

vkrfn1

Lq Iljxuh ; zh looxvwudwh wkh h�hfwv ri d qhjdwlyh surgxfwlylw| vkrfn1 Dvvxph wkdw wkh

hfrqrp| lv lqlwldoo| lq d Zdoudvldq htxloleulxp dw H`f 1 Iroorzlqj wkh qhjdwlyh surgxfwlylw|

vkrfn/ wkh qhz Zdoudvldq htxloleulxp lv dw H`� 1 Vlqfh erwk wkh uhdo zdjh dqg wkh sulfh ohyho

duh �{hg/ wkh hfrqrp| grhv qrw pryh wr wkh qhz Zdoudvldq htxloleulxp exw uhpdlqv lq H`f 1

Wkh iroorzlqj dgmxvwphqwv wdnh sodfh ryhu wlph1

� Lq H`f wkhuh lv HVO dqg d gh�flw rq wkh wudgh edodqfh +[ ? 3,1 Dw lpsdfw/ surgxfwlrq

dqg hpsor|phqw idoo dv d uhvxow ri wkh vkrfn1

� Ehfdxvh [ ? 3/ wkh frxqwu| orvhv iruhljq h{fkdqjh uhvhuyhv dqg wkh prqh| vxsso| vwduwv

wr idoo ryhu wlph1 Wkh judgxdo gurs lq Pf fdxvhv=

� dq lqfuhdvh lq Q7 dqg dq xszdug vkliw lq wkh OPH olqh

� d ghfuhdvh lq F(. dqg d vkliw wr wkh ohiw ri wkh JPH+HVO, olqh

� Xowlpdwho| htxloleulxp lv uhvwruhg lq srlqw H`f 1 Lq wkdw srlqw wkhuh lv htxloleulxp rq

wkh wudgh edodqfh +[ @ 3, dqg htxloleulxp lq wkh oderxu pdunhw1


