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Introduction

Aims of this lecture

Endogenous growth models.

Capital fundamentalism.
Human capital formation.
Endogenous technology.
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Introduction

Theories of endogenous growth

Key notion: Can we devise a growth theory in which the
steady-state growth rate is endogenous, i.e. depends not just
on things like the population growth rate and the rate of
Harrod-neutral technological change?

Following the influential work of Paul Romer in the mid 1980s
a very active research field has developed.

We will give a selective overview of this huge body of
literature. Three groups can be distinguished:

(A) “Capital fundamentalist” models.
(B) Human capital formation.
(C) Endogenous technology.
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Introduction

(A) “Capitalist fundamentalist” models

Key idea: There are perfectly reasonable production functions
which do not satisfy the Inada conditions.

Case I: Take the CES production function:

F (K(t), N(t)) ≡
[
αK(t)(σKL−1)/σKL + (1 − α)N(t)(σKL−1)/σKL

]σKL/(σK

f (k(t)) ≡
[
1 − α+ αk(t)(σKL−1)/σKL

]σKL/(σKL−1)

The average product of capital (APK) equals:

f(k(t))
k(t)

=
[
(1 − α)k(t)(1−σKL)/σKL + α

]σKL/(σKL−1)
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Introduction

(A) “Capitalist fundamentalist” models

Two cases must be distinguished:

(a) Difficult substitution between K and N (0 < σKL < 1).
(b) Easy substitution between K and N (σKL > 1).

(a) With difficult substitution we have:

lim
k(t)→0

f(k(t))
k(t)

= ασKL/(σKL−1) > 0

lim
k(t)→∞

f(k(t))
k(t)

= lim
k(t)→∞

f ′(k(t))
1

= 0

The APK is finite for k(t) → 0. Hence, it may not be even
high enough to sustain a non-trivial steady state (see Figure
14.1).
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(A) “Capitalist fundamentalist” models

(b) With easy substitution we have:

lim
k(t)→0

f(k(t))
k(t)

= lim
k(t)→0

f ′(k(t))
1

= ∞

lim
k(t)→∞

f(k(t))
k(t)

= ασKL/(σKL−1) > 0

Hence, there is a lower bound on the APK as k(t) → ∞.
Hence, there may be perpetual growth in k(t) (see Figure
14.2). The asymptotic growth rate is:

γ∗ = sασKL/(σKL−1) − (δ + n) > 0
We call this an endogenous growth rate because the savings
rate, s, affects it!

Even though there are diminishing returns to capital, K and N
substitute easily. Hence, labour does not become an effective
constraint. Scarce labour is substituted by capital indefinitely.
But, the share of labour goes to zero. This is contra SF3 and
SF5.
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Figure 14.1: Difficult substitution between labour and
capital
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Figure 14.2: Easy substitution between labour and capital
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(A) “Capitalist fundamentalist” models

Case II: An even more radical model is the so-called AK

model. Technology is:

Y (t) = AK(t)

The MPK is constant and labour is eliminated from the model
altogether!

The growth rate in the economy is (see book):

γ∗ =
Ċ(t)
C(t)

=
Ẏ (t)
Y (t)

=
K̇(t)
K(t)

=
İ(t)
I(t)

= σ
[

A
1 − sI

− δ − ρ
]
,

where σ is the intertemporal substitution elasticity, ρ is the
rate of time preference, and sI is an investment subsidy.
Endogenous growth: the policy maker can affect it by setting
sI .
Growth path is efficient (no source of market failure).
No transitional dynamics.
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(A) “Capitalist fundamentalist” models

Case III: Barro suggest a model in which productive
government spending affects productivity (and growth).
Technology is:

Y (t) = AK(t)αG(t)1−α = AK(t)
(
G(t)
K(t)

)1−α

, 0 < α < 1,

where G(t) is government spending (flow).

Diminishing returns to private capital, but...
If the government maintains constant G/K ratio then model is
like AK model.
The government budget constraint is:

G(t) = tY Y (t)
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(A) “Capitalist fundamentalist” models

Continued.

So that the growth rate is:

γ∗ =
Ċ(t)
C(t)

=
Ẏ (t)
Y (t)

=
K̇(t)
K(t)

=
İ(t)
I(t)

= σ

[

α(1 − tY )A
(
G(t)
K(t)

)1−α

− δ − ρ

]

= σ
[
α(1 − tY )A1/αt(1−α)/α

Y − δ − ρ
]

In Figure 14.5 we plot the growth rate as a function of the
output tax. The optimal (growth and welfare maximizing) tax
is:

dγ∗

dtY
= 0 ⇔ tY =

G(t)
Y (t)

= 1 − α.
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Table 14.1: An AK growth model with inter-firm external
effects

Ċ(t) = σ
[
r(t) − ρ−

ṫC(t)
1 + tC(t)

]
C(t) (T5.1)

K̇(t) = (A− δ)K(t) − C(t) (T5.2)

r(t) =
A

1 − sI(t)
−

ṡI(t)
1 − sI(t)

− δ (T5.3)

Notes: C(t) is consumption, K(t) is the capital stock, r(t) is the interest

rate, tC(t) is the consumption tax, sI(t) is an investment subsidy, ρ is

the pure rate of time preference, and δ is the depreciation rate of capital.
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Figure 14.5: Productive government spending and growth
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(B) Human capital accumulation as the engine of growth

Key idea: (Uzawa) all technical knowledge is embodied in
labour. Educational sector uses labour to augment the state of
knowledge in the economy. Uzawa assumed
ȦL/AL = Ψ(LE/L), where AL is labour-augmenting
technical progress and LE is labour used in the educational
sector (Ψ′ > 0 > Ψ′′).

Basic idea was taken over by Lucas (1988). He interprets AL

as human capital (“skills”) and calls it H. Rational agents
accumulate human capital by dedicating some of their time on
education (hence, the name of the model: “learning or doing”).
Model elements:

Human capital accumulation function:

Ḣ(t)
H(t)

= ψE
LE(t)
L(t)

where ψE is a positive constant.
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(B) Human capital accumulation as the engine of growth

Continued.

Lifetime utility of the representative household:

Λ(0) =
∫ ∞

0

[
C(t)1−1/σ − 1

1 − 1/σ

]
e−ρtdt

Time constraint of the household:

LE(t) + LP (t) = 1

where LP is time spent working (“doing”) rather than going to
school
Aggregate production function:

Y (t) = F (K(t), N(t)) = N(t)1−αKK(t)αK

N(t) ≡ H(t)LP (t)
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(B) Human capital accumulation as the engine of growth

Factors receive their respective marginal products:

RK(t) = FK(K(t), N(t)) = αK

(
K(t)
N(t)

)αK−1

W (t) = H(t)FN (K(t), N(t)) = (1 − αK)H(t)
(
K(t)
N(t)

)αK

(*)

Equation (*) shows that the wage rises with the skill level.
Hence the household has a incentive to accumulate human
capital.

Household has two stocks it can accumulate, namely physical
and human capital. Since the two stocks have the same risk
characteristics, they must bring the same yield. A simple
arbitrage equation governs the accumulation decision:

ρ =
µ̇K(t) +DK(t)

µK(t)
=
µ̇H(t) +DH(t)

µH(t)
(#)
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(B) Human capital accumulation as the engine of growth

Continued.

µK and µH are the imputed shadow prices of, respectively,
physical and human capital (if a Martian were to drop a little
capital in the household’s lap it would experience a lifetime
utility gain of µK).
DK ≡ µK(FK − δ) and DH ≡ ψEµH are the “dividends” on,
respectively, physical and human capital.
Equation (#) says that the rate of return (RoR) on both
assets should be equal. The RoR consists of dividend plus
capital gain expressed in terms of initial value.

In the BGP the household devotes a constant fraction of its
time on education. The growth rate along the BGP satisfies
(see book for details on the solution method):

γK = γY = γC = γH = σ(ψE − ρ)
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(C) R& D as the engine of growth

Key idea: Purposeful conduct of R&D activities is the source
of growth.

In the absence of human and physical capital, households can
nevertheless save by accumulating patents.
Patents are blueprint for the production of “slightly unique”
products.
The patent holder has a little bit of monopoly power which
can be exploited.
Hence, in this literature we leave the competitive framework
and enter the realm of monopolistic competition.
(Schumpeterian models of “creative destruction” can be built
along the lines of the present model.)
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(C) R& D as the engine of growth

Three productive sectors.

Final goods sector (CRTS, perfectly competitive, external
effect “returns to specialization”): Produces a homogenous
good using differentiated inputs in the production process.

Technology:

Y (t) ≡ N(t)η

[

N(t)−1
∫ N(t)

0
Xj(t)1/µdj

]µ

, µ > 1, η ≥ 1

where Xj is intermediate input j, N is the existing number of
varieties, and µ and η are parameters. If η > 1 there are
returns to specialization as in Adam Smith’s famous pin
factory. If intermediate inputs are more finely differentiated
then firms can use a more roundabout production process.
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(C) R& D as the engine of growth

Continued.

Pricing decision:

PY (t) ≡ N(t)−η

[

N(t)µ/(1−µ)
∫ N(t)

0
Pj(t)1/(1−µ)dj

]1−µ

Derived demand for input j:

Xj(t)
Y (t)

= N(t)(η−µ)/(µ−1)
(
Pj(t)
PY (t)

)µ/(1−µ)

, j ∈ [0, N(t)]

So µ/(1 − µ) is the demand elasticity.
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(C) R& D as the engine of growth

R&D sector (CRTS, perfectly competitive, external effect
“standing on the shoulder of giants”): Produces blueprints for
new intermediate inputs, using labour as an input.

Technology:
Ṅ(t) = (1/kR)N(t)LR(t)

Labour engaged in the R&D sector becomes more productive
as more patents already exist. Today’s engineers “stand on the
shoulders of giants.”
Pricing decision:

PN (t) =
kRW (t)
N(t)
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(C) R& D as the engine of growth

Intermediate goods sector (many small monopolistically
competitive firms): Each firm (patent holder) uses labour to
produce its own slightly unique variety of the intermediate
input.

Technology:
Xj(t) = (1/kX)Lj(t)

constant marginal production costs.
Pricing decision:

Pj(t) = µW (t)kX ,

where µ is the gross monopoly markup.
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(C) R& D as the engine of growth

Households.

Lifetime utility function:

Λ(0) =
∫ ∞

0

[
C(t)1−1/σ − 1

1 − 1/σ

]
e−ρtdt

Household budget identity:

PY (t)C(t) + PN (t)Ṅ(t) = W (t)L+N(t)Π̄(t)

Optimality conditions:

Ċ(t)
C(t)

= σ [r(t) − ρ]

r(t) =
Π̄(t) + ṖN (t)

PN (t)

where r(t) is the rate of return on blueprints.
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(C) R& D as the engine of growth

Growth aspects: There is no transitional dynamics (no
capital). The growth rates are:

γN =
σ(µ− 1)(L/kR) − σρ
σµ+ (1 − σ)(η − 1)

> 0

γC = γY = (η − 1)γN

The innovation rate increases with the monopoly markup (µ),
and the size of the labour force (L), and decreases with the
rate of time preference (ρ). Consumption and aggregate
output grow only if the returns to specialization are operative
(so that η > 1).
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(C) R& D as the engine of growth

Efficiency aspects: Now no longer obvious that market
equilibrium is efficient as there are both external effects and
non-competitive behaviour. The quick-and-dirty intuition
would seem to suggest that there is too little innovation
(under-investment in R&D) because the innovator does not
capture all the beneficial effects of his act. It turns out that:

If η = µ (knife-edge case): q&d intuition is OK!
If η ≈ 1 (weak specialization effect): there may be too much
innovation!
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(C) R& D as the engine of growth

Problematic aspect: The growth rate depends on the scale of
the economy (L in this case). Hence, large countries should
grow faster than small countries. This is not observed in
reality. Jones removes the scale effect by replacing the R&D
technology by:

Ṅ(t) = (1/kR)LR(t)N(t)φ1
[
L̄R(t)

]φ2−1 ,

where L̄R is average R&D labour per R&D firm.

We had φ1 = 1 but now assume 0 < φ1 < 1 (the giants don’t
grow forever).
We had φ2 = 1 but now assume 0 < φ2 ≤ 1 (duplication
externality: individual R&D firms think the production
function is linear, but in actuality it features diminishing
returns to labour).
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(C) R& D as the engine of growth

Continued.

Assuming that the population grows at an exponential rate,
nL, the growth rates are now (see book for details):

γN =
φ2nL

1 − φ1

γy = γY − nL = (µ− 1)γN

γc = γC − nL = γy

We reach the striking conclusion that by eliminating the scale
effect we are back in the realm of exogenous growth and the
Solow model!
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Punchlines

“Endogenous growth models.” Key mechanisms:

Capital fundamentalism.
Human capital accumulation.
Endogenous technology.
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